matrix 
algebra 
re a 
tor 
electronic 
engineers 


eigoebye xiujew 


| SJ90UIBUS 9|110.199|9 JO} 


mi tel\udlerd cts) | Paul Hlawiczka 


Although matrix algebra was invented over ἃ 
century ago, until comparatively recently it 
remained a subject only of interest to mathe- 
maticians. It was then discovered that it 
provided the neatest, and in some cases the only, 
method of solving certain problems in physics 
andelectronics. Thestage has now been reached 
when any electronic engineer, or for that matter 
physicist, without a working knowledge of 
matrix algebra finds himself severely handi- 


CABpOG, | 

To the uninitiated, the whole subject looks 
rather mysterious and most difficult to follow. 
But nowadays even primary school children are 
being introduced to it, and certainly any 
electronic engineer should readily be able to 
learn sufficient to solve problems involving 
two-port networks, both active and passive. 
such as are presented by transistor circuits. 

The engineer of today uses mathematics as a 
tool for solving his problems. Therefore a book, 
for the engineer, on a particular branch of mathe- 
matics should be written by somebody who is fully 
conversant with both of these fields. The author 
of the present volume has degrees both in mathe- 
matics and engineering; he has been a research 
engineer with leading electronic companies and 
has teaching experience. At present he is a 
Lecturer in Electrical Engineering at Glasgow 
University. 

In this book the subject matter has been chosen 
to provide a basic course in matrix methods for 
students of electronic engineering, and for 
practising engineers who have not had the 
opportunity of studying the subject before. 
A pre-view or introduction is included which 
both smooths the way into a new subject and 
shows the solution to a number of simple prob- 
lems in electronics. 

The main body of the work is split into two 

parts. Part 1 is strictly elementary and requires 
for background only a knowledge of basic 
algebra. It covers the essentials of matrix 
methods and their applications to two-port 
networks, including active networks such as 
transistor circuits. Part IL is distinctly more 
difficult, but will still be within the capacity of 
students approaching graduation, and of engi- 
neers intending to read papers formulated in 
terms of matrices. It treats additional algebra 
up to an explanation of the eigenvalue problem 
and an introduction of functional concepts 
relevant to matrices. These methods are then 
applied to differential equations of linear 
networks, including the matrix form of the 
Laplace transformation. The book closes with 
a chapter on wave matrices, and particularly 
scattering matrices of microwave junctions, 
including ferrite devices. 
_ MATRIX ALGEBRA FOR ELECTRONIC ENGINEERS 
is confidently recommended to students, prac- 
tising engineers and physicists who wish to 
master this subject which has now become part 
of their stock in trade. 
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Preface 


The present book has its origin in a short course of lectures given 
to an audience of engineers. When expanding the original notes into 
the form of a book it has been my aim to present the elements of 
matrix algebra in a form that could be studied profitably by readers 
without the help of a tutor, and with the minimum of mathematical 
background. I have, therefore, done everything I could to explain the 
fundamental concepts fully, and illustrate them copiously. 


In the latter part of the book some material beyond the strictly 
elementary stage is presented. In order to limit the size of the book 
a selection had to be made. I have chosen topics which are both use- 
ful to the engineer and illustrative of the versatility of matrix 
methods in dealing with problems of some generality. I had in mind 
the increasing concern which electronic engineers now have for 
quantum mechanics, by virtue of the emerging new field of quantum 
electronics. Whatever relevant material there is in this book has 
been presented in a form adapted to this application. This is parti- 
cularly the case with the latter sections of Chapter 4 and with 
Chapter 5. 


It is a pleasure to acknowledge my indebtedness to a number of 
people who influenced this book directly. The original course of 
lectures was given at the Mid-Essex Technical College, Chelmsford, 
at the invitation of Mr. D. H. Ray, head of the Electrical Engineering 
Department. Friends and colleagues of mine who read through 
parts of the manuscript and offered many constructive criticisms 
are too numerous to be acknowledged individually. The book is pub- 
lished by permission of the Director of Engineering and Research, 
The Marconi Company Limited 


Glasgow, 
1965 P, Η. 
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Chapter 1 
introduction 


Every electrical engineer is familiar with the concept of a ‘black box’. 
Whether the ‘black box’ contains an attenuator or a filter section, a vacuum 
valve or transistor operated linearly, a length of transmission line or a 
ferrite isolator, its electrical behaviour is completely described by a pair 
of simple equations. 


V, = AV,’ + BI, 
I, = CV,’ + Dl, (1.1) 


The voltages and currents appearing in these equations are defined in 
Fig. 1.1. The output voltage V, is primed, to stress that its direction is 
assumed to oppose the current Ip. 


The 'black box’ is usually referred to as a four terminal network, or a two- 
port network, and the sum total of its electrical properties is contained in 
the four coefficients A, B, C,D,—the general circuit constants. Given these 
constants we can always evaluate the characteristics of the network with 
the help of Equations 1.1. 


I, | | I, 
νι | 


| 
Fig.1.1 


Since 'black boxes’ or four terminal networks are frequently encountered 

in the daily experience of an electrical engineer, it is to be expected that 
familiarity with their equations will be useful. This is especially the case 
when several networks have to be handled and interconnected in various 
ways. Fortunately enough such familiarity is not difficult to acquire since 
the Equations 1.1 are of the simplest algebraic type. Their outstanding pro- 
perty is their linearity—the electrical variables V,,1,, Ve, Ip appear in 

the first power, not squared or cubed. In fact, the equations relating currents 
and voltages in all linear circuits are of this type, so that once their algebra 
is learned, it should come in useful in many situations of interest to the 
engineer. 


2 MATRIX ALGEBRA 


1.1 TERMINOLOGY AND BASIC NOTATION 


Equations 1.1 can be considered from two points of view. First, the input 
voltage and current V,,I, may be known, and it may be desired to find the 
output voltage and current. In this case Equations 1.1 constitute a set of 

simultaneous lineay equations in the unknowns Vo ,2. 


On the other hand, the problem may present itself in reverse. Given speci- 
fied output quantities ΚΝ .1, what voltage and current should be applied to 
the input? Here we simply substitute the given values of V,’ and I, into 
Equations 1.1 and hence find V, and I,. In this case Equations 1.1 represent 
a linear transformation of the output quantities V,, I, into the input quanti- 
ties V,,1I,. On this view a two-port network can be considered to be a 
device for transforming voltages and currents. The transformer is perhaps 
the. most familiar example of a four terminal network, and its very name 
suggests this function. 


To manipulate linear equations and linear transformations of the form 
shown in Equations 1.1 a special kind of algebra —mal/rix algebra—has 
been devised. The first step in the development of this algebra is taken by 
rewriting Equations 1.1 in the form 


Vi = A BL Vo 
ly C Dil 1. (1. 2) 


Here the arrays of symbols enclosed by square brackets are called 
matrices, and Equation 1. 2 is a symbolic way of writing Equations 1. 1. 
We can now present the electrical characteristics of our network in 
matrix form by isolating out of Equation 1.2 the square array 


fe 


and calling it the matrix of our network. The next step in the development 
of matrix algebra is to use a single letter to represent the array. 


C D 


A is a shorthand symbol standing for the general circuit constants arranged 
in a square. Likewise the matrices of terminal voltages and currents can 
be abbreviated by single capital letters in italics. 
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Equations 1. 1 and 1. 2 can now be written in the short symbolic form 


Matrix algebra amounts to a set of rules, whereby square and rectangular 
arrays of numbers can be handled through shorthand symbols like Equation 
1.4. Once the rules are learned it becomes unnecessary to write out the 
arrays in full at every stage of a calculation, and much time is saved. 
Moreover, matrix symbols make it easier to remember complicated rela- 
tions. 


Whenever the word algebra is mentioned operations such as addition, multi- 
plication and division spring to mind. Underlying them all is the concept of 
equality. In what follows we introduce these concepts and rules for matrices, 
relying on two-port networks as a guiding example. 


1.2 APPLYING MATRIX NOTATION TO SIMPLE CIRCUITS 


To start with, consider two distinct four terminal networks as shown in 
Fig.1.2. 


NETWORK (1) 


NETWORK (2) 


Fig. 1.2 


if the two networks have different electrical characteristics their general 
circuit constants, as marked in Fig. 1.2, will be different complex numbers. 
If, however, the circuits happen to be identical, their corresponding constants 
will be equal. 


AQ) = Ala), Bi) = Bw 


σα) = σῶν, 11) = γ.2) 
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In this case the matrices of the networks are said to be equal and we write 


ἐπ bat Lo ae 

(1) pe) c(2) 72) 

Cc D C D (1.5) 
or more briefly 


Α(1)- AQ) 


Next we turn our attention to the two networks connected together as shown 
in Fig. 1.3. We assume that we deal with networks of differing electrical 
characteristics, having matrices which are not equal. This cascade connec- 
tion of two networks is itself a four terminal network, and we can write down 
a pair of equations connecting its input and output voltages and currents, as 
we did for a single network. 


I, 


Fig. 1,3 


Vi = ΑΥ̓͂ 5. + BI. 
I, = CV; + Di, 


ily A BlIv,' 
ly Ὁ Di| ts | | (1.6) 


The matrix A of the combined network is related to the matrices A‘!’ and 
A‘) of the component networks, in the sense that the constants A,B,C,D can 
be expressed in terms of A"!’, B{!?,C{’ ,D®, Af?) BY) Cl2) pf2), To find 
this relation we utilise the fact that the oufput current and voltage of the /irs/ 
network are also the inpul current and voltage of the second network. First 
we write down the equations for each individual circuit. (From now on in this 
introduction we shall write circuit equations in three different forms,to get 
used to the matrix notation. ) 


Vi, =A%Vo' + Β΄), ν᾿ = A'?)V3' + BY 
=C!vz' - 531) [Ι2Ω =C)vy' + DIT, 


INTRODUCTION 5 


v, |=] aA™ BY [|| vo! |, να [τ A’ BY {1 v,! I, 
΄ ch) pm |] pt. Io Οσί2) pf2) I3 
W,=A2W,, W,=A®W, i ey 


Next we substitute the second pair of equations into the first and obtain a 
relation connecting the input voltage and current V,,1, with the output voltage 
and current V;;, 15. 


γι τὰ (Αι. (2) + Β(1)0(2)}ν.’ + (APB) 4 B‘Yp'2))r, 


1, = (erates if p'¢'2)\y,' + (οἰ Βώ: 4 pnp?) )r, 
Vi = AV; + BI. 
I, = CVy' + Diz (1.8) 


This can be rewritten in matrix form 
Vv, =f AMA? + BMC Α(Δ)Β(2) 4 Β(1)}2) V,' 
lh Cal) 4 piel2)— GD Bl2) 4 pl) (2) Is! 


Vi =iA Β V3 
I, | Gc Dp | Is 
W, = AW, (1.9) 


At this point the reader should pause and carefully compare the matrix of the 
combined network with the individual circuit matrices,as they appear in 
Equations 1. 1. An inspection of, say, the top left hand corner element will 
disclose that it has been obtained from the elements of the matrices A‘? and 
A‘2) according to a well defined scheme. Only the first Row of A“ and the 
first Column of A‘? have been used. Corresponding elements of this row and 
column have been multiplied together and then added. The following graphical 
scheme will make the procedure clear. 


Similarly the second element of the first row of A has been obtained from the 
first row of A‘)? and the second column of A‘?’. The remaining elements of 


A are evaluated by analogous combinations of rows of A‘*’ and columns of 
A(2) 
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The above method of combining two matrices to yield a single one is called 
matrix multiplication, It is written as follows: 


AM) Bil) Al?) Bi?) = AD Al?) + Bele) A‘) pl2)  Βί1)η(2) 
cil) pf?) σι) pf) C'Dale) 4 pict?) Ci) pl2) 4 )(1)0η{2) 
Α(1)Α(2)Ξ-Ὰ 


It may well be that at this point the reader will be somewhat bewildered by 
the variety of symbols used. If so, the difficulty is caused by the symbols 
themselves, which are not the most efficient to use in connection with matrix 
manipulations. The symbols devised especially to identify the elements or 
members of matrix arrays are provided with double subscripts. The first 
subscript labels the row to which the element belongs, while the second sub- 
script labels the column. Thus, matrices of general circuit constants may be 
written 


811 812 |; Dizi Diz 
8.21 422 bei Dee 


Taking these arrays for the matrices of the individual networks of Fig.1.3, 
the matrix of the combined network will appear in the form 


441 812 || Dir Dao | =| 81} Day + 81.» Day 
| 421 822] ber bea] | 8:1 bai + 822 Day 


=/Cii C12 
C21 C22 


Using single letter symbols for the matrix arrays we write 


811 012) + ayy Doe 
821 by2 + 822 Dee 


AB =C 


Let us now see how these rules are applied to some specific four terminal 
networks. We start with the series resistance shown in Fig.1.4. 
I, I, 


9......Χθ..-ὕ.0η...--.«,͵«:ἰἰλλε--“- ent 
ἢ, 


Vv; v2’ 


Fig, 1.4 
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The general circuit constants for this circuit are found by the method of 
alternately short circuiting and open circuiting the output terminals. On open 


circuit I,=0=1, so that the first of Equations 1.7 assumes the simple form 


V, =A‘ly,’ 
and since in this case 5 = V, we find that 
A) = 1 
The second equation reduces to 
I, =C'lv,' =0 
whence 
ci) —9 


To evaluate the remaining parameters we short circuit the output so that 
νυ = OandI, =I, #0. 
Hence we find 
V,= BY)’, = BD T, 
Va =B) =R, 
| ae 
and for the last constant we obtain 
I, = DO, =D, 
fy) = 1 


Collecting these results and writing them in matrix form, we arrive at the 
equations of the series resistance connected as a two-port network. 


Am Β1)]- [1 R, 
em) pm 0 1 


Vi= Vo + R, Io 
I, = Ip (1. 11) 
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Our second example is a resistance in shunt. We label it like the second 


circuit of Fig,1.3 with a view to connecting it in cascade with the series 
element of Fig, 1. 4. 


I; I; 


Fig. 1.5 


We find the elements of the Α (2) matrix for this four terminal network, by the 
same process of short circuiting and open circuiting its output terminals,as 
in the first example above. The results are 


V i i 
te) - (2) a Βί2) = (:}) kis 
‘3 /15=0 3 /y, =0 


C2) = (2s) _ ie p'?) = (2) -ι 
V3 1550 Re 13, Vv, =0 


Here the subscripts I, = 0 and γ΄ = Ὁ signify that the terminals have been 
open circuited and short circuited respectively. In matrix notation the equa- 
tions of the shunt resistance are 


Ve — | 1 0 V3 
1 
Ip | Re 1 [3 
ν.' - V2 


Ino = --ν + 
2 R, 3 Is 


Let us now connect the series and shunt circuits in cascade, and find the 
matrix of the resulting L-network by the rule for multiplying matrices. 
We find 


————— ge τὰς ὦ΄ὦοὃὦὸὦ 
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1 Ry 1 Ὁ ] = 1422 Ri 
Re 
1 | 1 
91 τ Rp 1 


(1.13) 
AWM Al? — 70) 


L‘! is the matrix of the circuit shown in Fig.1.6. The equations relating the 
input and output of this circuit 


I, I. 


Fig. 1.6 


assume the matrix form 


Ri 
Vi |=] 1+ Ro Ri Vs 
1 
Ϊ a7 
1 Ry 1 I; 
Ww, = L" Ww, (1. 14) 


The above result can be obtained by a direct application of Kirchoff's Laws. 
Indeed, no advantage is gained by the use of matrix multiplication in this 
κεν; τὴν case,except that it provides a straightforward illustration of the 

me : 


The shunt and series resistances can be connected in reverse order resulting 
in the circuit of Fig.1.7. Since the electrical properties of this network 
differ from those of Fig.1.6 we must expect its matrix to be different too. 


ς 
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To find its matrix we multiply the matrices of the shunt and series resis- 
tances in reverse order to that of Equation 1,13 


| 1 0 .1 Rj =} 1 Ri 

= ΦΠΠ}Ὲ 4 EBay | 

Roe Rg Ro (1.15) 
A[2)4(1) = pt?) 


The matrix L‘2) is not equal to the matrix L"!’ of Equation 1.13,as has been 
expected for physical reasons. 


This observation illustrates a fundamental property of matrix multiplication, 
The sequence of matrices in a product cannot be altered at will without affect- 
ing the result, Symbolically this fact is stated by the expression 
A(liA (2) Α(2)4Α..1) 
Lis) (1.16) 


By contrast we know that ordinary numbers can be multiplied in any order, 
the final result remaining always the same 


ab = ba 


Fig.1.7 


1.3 USE OF ADMITTANCE PARAMETERS 


Besides multiplication other rules of algebraic manipulation can be definedfor 
matrices, and many of them resemble symbolically the rules of ordinary 
algebra. We shall next introduce the addition of matrices on the example of 
two four terminal networks connected in parallel, insteadof in cascade. In this 
case it proves more convenient to use admittance parameters of a four 
terminal network, instead of the general circuit constants. 
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In terms of the admittance parameters the equations of a two-port network 
assume the form 


I, = γι ὁ YieVo 
In = Yo1V1 + YaoVe (1. 17) 


The output voltage V, is now assumed to be inthe same direction as the output 
current, andthe prime is therefore dropped.A reference to Fig. 1. 8 will make 

the new sign convention clear. It is usual to label the admittance or y-para- 
meters of the network by double subscripts, automatically conforming to the 
practice of matrix algebra. The form of Equations 1.17 can be obtained from 
Equations 1,1 by a straightforward rearrangement of the currents and voltages. 
Equations 1.17 can now be rewritten in matrix form, 


I; 


I 


/ 


Fig.1.8 


[1 [5] νὼ Yao || Va 
Ip 21 Yoo || Ve 1.18) 


This can be abbreviated to the compact symbolic equation 
Ir=YV (1, 19) 


Equation 1.19 shows clearly the advantage of matrix symbols in presenting 
complicated relations in simple form. Just as for a single admittance Y we 
have the equation 


23%; 


Equation 1.19 presents the analogous but more involved relation for a four 
terminal network. 


Turning now to the problem of two four terminal networks connected in 
parallel let us refer to Fig. 1.9. 


The corresponding terminals of the circuits are strapped together as shown, 
resulting in a single two-port network,to be characterised by a pair of 
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Equations 1. 22 relate the currents and voltages at the terminals of the overall 


network, therefore the coefficients in brackets are the y-parameters of the 
parallel connection. In matrix notation Equation 1.22 can be written 


b) 
5 |=] yaa + yar" = yun" + yi2'? | ῳ 
Ip yor") + yas" yoo) + yoo'” || V2 (1.23) 
The matrix of the parallel connection is derived from the matrices of the indi- 


vidual networks by adding corresponding matrix elements. Sucha combination 
of matrices is called addition and is written as follows: 


| : | (b) | 
ΕΣ γ1.2.8) + γα Ὁ) yi! =/ Vi "lane Ῥ γα} Ὁ) γ1 3) + Yio τ 
Ι Ἷ {2 
Yo Yoo") γα) Yoo") | ¥o1'2) + Yo1' Yoo'® + yoo 


Fig.1.9 


(1.24) 
equations of the form of Equation 1.17. The problem we set ourselves is to ex- 


press the matrix of the overall network in terms ofthe matrices of the component 
circuits. The latter are identified by the superscripts (8) and ‘D), 
pew yay 


(a) — (a) (avy 
pi — γῶν 
1, τ γι Ὅν, + yr2v, 


1, (Ὁ) = Ὅν. + 2.2.0} Vo aver 


Now, by Kirchhoffts Current Law the currents leaving a junction are equal to 
the current entering it. Hence we write for the input and output junctions 


I, Ξ (8) +1, 
Ip = Ip!) + [,'b) 

Substitution from Equations 1.20 and 1,21 yields the result 
I, = (yaa - vii )v, Ἐ (yao + yi2') V2 


Ιυ = (yor + yor?) + (yoo) + yo2"")V. (1.22) 


y= ¥+y) 


Fig. 1.10 
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In terms of one letter symbols this assumes the shorthand form 


y(a) +4. y‘b) -Υ͂ 
The equations of the networks connected in parallel can now be written in the 
compact form 


j@—yary, po - yby 


I= (ya - γ}) V=YV (1. 25) 


Here again the appeal of the matrix notation will not fail to make its impres- 
sion. Reference to Fig.1,10 shows the analogy between ordinary admittances 
in parallel, andtwo-port networks in parallel. Inthefirst case the admiltances 
are added, in the second case the admiltance matrices of the two networks are 
added. 


Chapter 1 is a preview of the subjects to be dealt with more thoroughly in 

the following pages. In Chapter 2 the basic rules of matrix algebra are laid 
down systematically and illustrated by many numerical and geometrical _ 
examples. Chapter 3 applies the rules to problems frequently encountered by 
circuit engineers. The remainder of the book treats additional algebraic 
methods and their use in a variety of electrical applications. 


To learn matrix algebra no high prior knowledge of mathematics is required. 


In what follows it is shown in simple,easy stages how to manipulate matrices. 


Readers who familiarise themselves with the rules will find many problems 
simplified and many difficult things easier to understand. 


Chapter 2 
Basic Rules of Matrix Algebra 


Historically matrix algebra was invented under the stimulus of problems in 
analytical geometry. Although it is now possible to develop the subject 
without any reference to geometrical illustrations, we shall retain the his- 
torical connection for two reasons. First it provides helpful pictorial illus- 
trations for the basic manipulations and, indeed, motivates them. Secondly, 
the geometrical concept most closely related to matrices, linear transfor- 
mations, helps to clarify many problems in electric circuits. For these 
reasons we start with a brief discussion of linear transformations, and then 
lead on to the basic definitions and operations of matrix algebra. 


2.1 LINEAR TRANSFORMATIONS 


When the axes are rotated about the origin, the co-ordinates of a fixed point 
change according to the equations 


x = xcos@+y siné@ 

γ᾽ =-—xsin 9 + y cos @ (2. 1) 
The symbols used in Equations 2. 1 are defined in Fig. 2.1. (x,y) are the 
co-ordinates of the point P in the old frame of reference, while {x ,y ) are 
its co-ordinates in the new frame of reference, obtained from the old one 

by an anticlockwise rotation of the axes through an angle @. The point P 
remains fixed in space (or to the page of paper). 


Equations 2, 1 are an example of a linear transformation of co-ordinates. A 
general linear transformation in 2 dimensions is represented by the equa- 
tions 


x = ἃ17Χ + ayy 
Y =8,X + asoy (2, 2) 


The coefficients 811. 312. 8.51» 825) are real numbers, because the new co- 
ordinates x‘, y’ must be real numbers. Besides rotations, Equations 2. 2, 
may stand for other transformations, such as changes of scale on the axes, 
or changes from a rectangular to an oblique co-ordinate system. The trans- 
formation, in Equations 2. 2, is called linear, because the co-ordinates or 
variables under transformation appear to the first power only, and are not 
Squared or cubed, 
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oO 
Fig, 2,1 


The transformation, in Equations 2.2, can be given an entirely different geo- 
metrical interpretation, called point transformation instead of co-ordinate 
transformation. This possibility is illustrated in Fig.2.2. The frame of 
reference remains fixed in space (or to the page of paper), but the point 

P(x, y) is shifted to the position P(x’, y’). An alternative way of displaying 

a point transformation graphically is to use two separate sets of co-ordinate 
axes, one labelled OXY the other OX’Y’ as shown in Fig. 2.3. This method of 
representation is sometimes called a mapping of the points in the plane 
OXY on to the plane OX’Y’. The law of associating a point P in the new 
plane with the point P in the old plane is given by Equations 2,2, The method 
of mapping is particularly useful when a complexity of points, or possibly 
loci of points, have to be transformed. 


P(x! y") 


——=——=——— ὃ ———— ἢ ——— 5 a oS SS 


Fig. 2.2 
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X Y — PLANE 


Xx" γ΄ - PLANE 


Fiz, 2.3 


To demonstrate that linear transformations are relevant to electrical prob- 
lems, we quote the equations relating the input and output of a two-port net- 
work, (See Fig. 1.1.) 


I, = CV,’ + DI, 


The form of these equations is the same as Equations 2.2, A, B,C, D being 
the coefficients of the transformation. An important difference must be 
noted, however. Whereas in Equations 2.2 all the symbols stand for real 
numbers, in electrical relations we have to deal with complex numbers. For 
this reason transformations involving electrical quantities are more diffi- 
cult to represent graphically, and we shall restrict ourselves to purely geo- 
metrical illustrations. 


Linear transformations of co-ordinates or, of points, can be applied to spaces 
of more than two dimensions. For three dimensional space the equations of 
transformation are 


Χ' = ἃ11Χ + ayy Ὁ 8.532 

y= ao ,%X + doo Y + Ao Z 

Zz’ = 891 Χ + ago y 8242 (2. 3) 
Linear transformations in an abstract n-dimensional space are written 
down by an extension of the above method. However, in a general case of 
this type it is impracticable to use a different letter for each co-ordinate. 


Instead the letter x with a numerical subscript is used. Thus x, stands 
for the first co-ordinate axis, x. for the second etc. 


On, Sere ΞΘ ΘΕ ΥΝ ὝΨΗ ἐ a ee eS τ- 
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ay = a4 1%] + 8:12 Xo + ἃ κα αὶ ἃ ἃ ἃ eee αὶ ἃ ἃ αὶ ἃ + 8 1η ἕῃ 
Kg! = 821Χ) H+ Aga Xq HF eveeeeeeeccensesecee t Agnky 
ir Ξ ᾿ ᾿ 
ΧΙ ΞΞ ajyX) + djgXo 2 see + ajj xj Sere ΚΙ» ἃ Τ es ἢ 
Χῃ = δῃ1Χ) δὰ AneXs πεν τ νὰ κά vee wee vent > Aann Xn (2, 4) 


In the above equations of transformation the symbol xj’ stands for any co- 
ordinate in the transformed system, while x; stands for any co-ordinate in 
the old system, x,’ and xp stand for the n-th or last co-ordinate. Applying 
this notation to three dimensions, Equations 2.3 can be rewritten 


Ff 
Χ)Ὶ = 44, Xy + Ayo Xq + 872 Xz 
Xo’ = 8.1 Χ) + 822 Χη + Age Xg 


Here x, stands for y’ and x, for z. 


The method of labelling the coefficients of a transformation should be noted. 
The best way to see it is to extract the coefficients from the equations and 
arrange them in a square array. For Equations 2.2 we find 


8.11 872 
821 8.22 (2. 6) 


The first subscript labels the row to which the coefficient belongs, while the 
second labels the column, 


If it is desired to make a statement about any one of Ihe coefficients in 
general, letters are used for subscripts as in ajj of Equations 2.4. On the 
other hand the symbol aj; is frequently uséd as an abbreviation for αἱ] the 
coefficients of a transformation. The distinction will usually follow from 
the context, but it is advisable to watch for it initially. 


The object of the double subscript notation will become clear in the Section 
2.2. 


2.2 DEFINITION OF A MATRIX 


A linear transformation is fully defined by the set of coefficients appearing 
in its equations. For example, Fig, 2.4 is a complete description of a linear 
point transformation, both graphical and algebraic. Given the array of co- 
efficients, equations can be written down immediately, and the co-ordinates 
of the point P’ evaluated from those of P. 
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Γ᾿ 
P (xy) 


[1 
P(x'y) 


Fig. 2.4 


present situation as a basis for the definition of a matrix. 


Definition 


referred to as elements of the matrix, 


some numerical examples of matrices are 


order2 x2 order 2 x 3 order 2 x 2 
2 8, [100 34}, 0-2 105 
al ih : 31 - [τα 

order3 x3 order 3 x 2 order 3 x 1 
4, 2 Cli 4%, Mel [2] 

SB ite 8 2 Ws 0 

indy dees Sel a A 7 


Matrix elements may be complex numbers as in the following examples: 


1.3] 3. 8} |, 0 1.1.2] 6] " 
3 2 + 6j 8 εἶ) 0 6+ %4) 
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The coefficients 811. 81.»8.21» 829» arranged in a square array, ΓΘ said to 
form the matrix of the transformation. An important step in the development 
of a concise notation has been taken by writing them as a neat array, enclosed 
by square brackets, and equating them to a single symbol A. We take the 


A rectangular array of numbers consisting of πὶ rows andn columns, enclosed 
in square brackets, is called a matrix of order m x n. The numbers are 


20 MATRIX ALGEBRA 


Sometimes letters are used to denote matrix elements. In electrical prob- 
lems the matrix of order 2 x 2 


ΑΒ 
C D 
characterises a 2-port network, The letters inside the array in general 


represent complex numbers. 


For general mathematical work it is customary to use a lower index letter 
with two subscripts to denote the elements of a matrix. The first subscript 
labels the row to which the element belongs, while the second subscript 
labels the column, The whole matrix is usually denoted by an italicised 
capital letter. 


Examples: 


Ϊ 1. Cy2 Cig | =C, Ὀ.1 Dig | =B 
21 Ο22 C23 | bei Dee 


A general matrix of order m Χ ἢ is written as follows: 


311 812 νϑὐϑυδυυ δα δὺ 4in = 
Bgy Fade ssssecuessess don 

ajj ajo * « aij ‘te te eo αὶ ἃ αὶ αὶ αὶ ᾿ Pai 
ami ame: ee αὶ αὶ ἃ 4mn 


The element ajj, appearing somewhere inside the array, is to be taken as the 
typical element of the matrix. Other letters may be used as subscripts of 
the typical element instead of i and j. Thus ag], apg, ast will be used as 
symbols for the typical element in the following pages. 

Alternative symbols are sometimes used for matrices in other textbooks. 
Round brackets or double vertical bars may enclose arrays rather than 
square brackets. The typical element placed between brackets may be shown 
instead of a capital italic. Some examples of the various possibilities follow. 


4, [a far (as) 


diz yo |, diz ἀν; 
dai (22 dai doe 


diy iz 


doi (22 
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In the numerical examples given above several zero matrix elements were 
shown. Occasionally dots are used instead of noughts, as exemplified below. 


i, BY | ie 4 
3 0 may be written a 


2.3 EQUALITY OF MATRICES 
Definition. 


Two matrices A and B are said to be equal if their corresponding elements 
are equal numbers. 


Examples of equal matrices; 


$4 7215124 71 1 εἶπ]Ξ] 1 elm 
910. 810 e-jT™ j og a ! 


On the other hand the following matrices are not equal to each other: 


᾿ 3 ἐὰν ϑ | ‘obi ἐχὶ a 1 

0ῦ0ϑΡ,10 Ιθοῦ e+jd ὁ Ee ae | 

Equality of two general matrices, say A and B,is written in shorthand form 
A=B 

or is stated in terms of their typical elements 
aij = bij 


It should be noted that only matrices having the same number of rows and 
columns can be equal. 


When the matrices of two linear transformations are equal, the transforma- 
tions rotate the co-ordinates by the same angle, if they are rotations. Two 
point transformations, having equal matrices, shift the point P into the same 
transformed point P’, 


An excellent illustration of the equality of matrices is provided by electric 
circuits. Referring to Fig, 1. 2, the two four terminal networks shown there 
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have identical electrical characteristics, if their corresponding circuit para- 
meters are equal. In matrix form this means that 


Am) pit) |=] Af?) BY) 
cil) p‘?? cl?) D!2’ 
or more concisely 


Atl) -—-A®) 


2.4 MULTIPLICATION OF MATRICES 


To introduce the product of two matrices we consider the effect of two point 
transformations applied to the point P in succession. By this we mean the 
following. 


At first we transform the point P(x,, x.) into the point P’(x,', x2’) with the 
help of the transformation 


Ul : 
Xy = 411 X1 + 812 Xp 
r a 
XQ = 421 X1 + Ago XQ (2.7) 


Next we transform the point P’ into the point P” (x,",x,') using the trans- 
formation 


Ky” = by Xz’ + Dye Xo 
Xo" = Do, X1' + baz Xo (2. 8) 


Both operations are represented graphically in Fig. 2. 5. 


PG,s2,) 
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We now substitute Equation 2. 7 into Equation 2. 8 and obtain the transforma- 
tion that carries the point P directly into the point P”. 


x)" = (b11 aii + Ὀ12 821) x1 + (bia 812 + biz az2) Xz 


X2 = (bo. 811 + bee 821) Xx, + (boi 812 + Dee 822) X9 (2.9) 


We can rewrite Equations 2.9 in shorter form by substituting coefficients 


Cij for the sums of products of the original coefficients aij and Ὀῃ: 


[τ 
Xy = Οχγ Χλὰ + Ci2 X2 
i 1 Ἷ 
Xg ΞΞ Cg) Χχ + 022 X2 (2.10) 
This composite linear transformation replaces the two successive stages. 


The point of interest is how to combine the matrices A and B of the separate 
stages, to obtain the matrix C of the direct transformation. The amalgama- 
tion is carried out according to a well defined scheme which we now proceed 
to explain. 


ΠΟΘ το Ὶ ἬΝ πέρασα. 
Dai Pra' 81: 412 
bo, bee 21: 8.22 


Consider the elements of the above matrices enclosed in dotted frames. 
Form the products b,,a,, and b,,a,, and add them. The sum is found to 
be the top left hand corner element of the composite matrix. 


πὸ agi; by, 811 + Piz o - δὰ Cy 7 


bo, 811 + Deo 421 [021 Ay ὁ Deg 8.22 Co1 Cre 


The element 65. is found by the same process applied to the first row of B 
and the second column of A. In general the subscripts of elements of C 
indicate which row of B and which column of A was used in their formation 
in that order. 

The foregoing method of amalgamating two matrices, by row-into-column 
multiplication and addition of their elements, is called matrix mulliplication. 
Before proceeding any further it is desirableto practise it on some numerical 
examples. 


heh [eae] 
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The same rules apply to non-square matrices. 


63 i 5 2/=|0+3+0 0+0+3/=]3 3 
1 2 9 1.0 5.-.2.0ὴλἷ0( 2+0+0 7 2 


0 3 


8181 


Symbolically matrix products are written in the same way as the products 
of ordinary (or scalar) numbers. Thus 


BA =C 


The matrix product 


aii 412 Xy | =| 811 X1 + 412 XQ 
|} 421 422 || X2 8.21 X1 + A22 X2 


can be used to save time when writing out linear transformations, Using 
this result Equations 2.7 can be rewritten 


f 
Χ, =/ 411 412 A] 
᾿ 
| *%2 | 421 822 X2 


or more briefly 


X’ = AX 


In the foregoing examples it was always possible to carry out the multiplica- 
tion of two matrices. In general this is not the case, however. Two matrices 
can only be multiplied together, if the first one has as many columns as the 
second one has rows. The following two matrices cannot form a product. 


Cia Caz C13 [] Gia dia 
C21 C22 Ces || dai dee 
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An attempt to carry out the row-into-column multiplication and addition rule, 
shows that there are no elements in D to match up with c,, and c,,. This 
observation is stated in general terms by saying that only matrices of orders 
m x p and p x n can be multiplied, 


One more important property of matrix products must be noted, An inspec- 
tion of the above examples will show that the resulting matrix has as many 
rows as the first matrix of the product, and as many columns as the second 
matrix. In general it is said that the product of matrices of orders m ΧΡ and 
p x nis a matrix of order m x n, 

The rule of matrix multiplication explained above can be summarised in 

the following definition, 


Definition, 


The product of two matrices B and A, written BA, is the matrix C whose 
elements are formed according to the prescription 


ΟΞ zi Dikakj 
k=1 (2, 11) 


If the factor matrices B and A are of the orders m x ἢ andp Χ n respectively, 
the product matrix C is of order m Χ ἢ, 


The use of letter subscripts in Equation 2,11 should be carefully noted, A 
specific subscript letter, say j, stands for the same number throughout the 
whole expression, As an example, let us write out Equation 2,11 in full for 


some elements of the matrix product considered at the beginning of the sec- 
tion. 


2 
C21 = "ἢ Dokaki 
καὶ 


= θ.1811 + Don ag, 


2 


C22 = ἢ, Dok@ke 


k=l 
= boi 812 + Doo 822 


It is evident that by following the summation rule, Equation ἃ. 11, all elements 
of a product matrix can be evaluated. 


D 
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Although many readers may prefer to visualise matrix multiplication in 
terms of row-into-column manipulations, summations of the form of Equation 
2.11 are always used in general mathematical work on matrix products. 


2.9 EXAMPLES AND APPLICATIONS OF MATRIX MULTIPLICATION 


The rule for multiplying matrices is of fundamental importance, It is, there- 
fore, essential to become quite familiar with it, To this end, let us work 
through some more numerical examples, this time including negative and 
complex elements, 


als 


[-ἰ at 0 1" -2] 


-ϑᾷ2 


be 0 1|5Ξ3Ξ|]| - -1 7 
—3 0 0 --ἶ 3 6 0 = 


0 ἦν 6 -% % 


1: τ es : ᾿ ἴᾳ τ %ej | =| 3 -- 2] %44(23 —13)) 
aa Se. —2' 
ogy aelY | =| arye'I@+7) + ped 
wae’? belo aelY + brzel'8+5) | 
[a+jo c+jad][a—id]= | (a2 + νὰ + dg) + j(ba — ad — cg) 
d+je if —jg | (ad — de + fg) — j(ae + d?) 


It was pointed out in the preceding section that the equations of a linear 
transformation can be written in a concise form using matrix symbols. 


x’ —AX (2, 12) 


Equation 2,12 represents a transformation in any number of dimensions, not 
necessarily in the plane, The information about the number of dimensions 
involved in a linear transformation is thus lost, when matrix notation is used 
and, if necessary, must be provided by the context, This is the price that 
must be paid when a more abstract mathematical method is used, 


It was pointed out in Section 2, 1 that the equations relating the input and out- 
put of a two-port network are a linear transformation, With the help of the 
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rule for multiplying matrices we can now rewrite these equations in compact 
form, 


V, =AV2' + Bly, v,/=/|A BI] v2’ | 
I, = CV + Diz ly C Bil ts | 
W, =AW, 
Matrices consisting of a single row or column of elements are usually called 


vow and column vectors respectively, As further examples of matrix pro- 
ducts let us multiply a row vector by a column vector and vice versa. 


ΧΥ͂ = [χὰ Xo xs | 


[νὰ + ΧΟΥ͂Σ + x3¥s | 


YX =| yi [χὰ ΧΩ x3 | = YiX1 YiX2 YiX3 
Y2 | Y2X, YeX2 YoXs 
Y3 Y3%1 Ys%2 YgX3 


In the second case a matrix of order 3 x 1 has been multiplied by one of 
order 1x 3 resulting in a matrix of order 3 x 3, In the first case we started 
with matrices of orders 1x 3 and 3 x 1 yielding a product matrix of order 
1x 1, It is useful to note that matrices of order 1x 1 have the same mathe- 
matical properties as ordinary (or scalar) numbers, This will be demon- 
strated in detail later on, but for the time being we accept it thata 1x 1 
matrix is the same as a number, 

The rules of matrix multiplication can be applied to write down systems 

of simultaneous linear equations in concise form, Thus in the case of three 
linear equations in three unknowns x, y, Zz, we can write 


81} Χ ὁ AyoY F 8752 Ξ ἢ), | ayy Aig aig || X |=] hy | 
Ag, X +agey + 8232 Ξ 2 | 821 822 823 | Y |=] he 


In abbreviated form this is 
AX =H (2, 13) 


where A is the matrix of coefficients, X stands for the column vector of 
unknowns, and Η is the column vector of constants on the right hand side of 
the set of equations. 


Equation 2.13 shows the degree of compression achieved by using matrix 
Symbols to write down systems of equations. However, the advantages of 
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matrix methods go far beyond affording a mathematical shorthand. We shall 
see later that matrices will provide an elegant method for solving equations, 
In fact, we shall anticipate our future work to some extent now. Just as we 
solve a single equation in one unknown 


ax Ξ ἢ 
by transferring a to the right hand side 
x=a7*h 


we shall be able to solve a whole system of equations by using the reciprocal 
matrix Α 2. 


X=A lH 


Linear equations do not always appear in simple forms like the above, To 
begin with, the number of equations and unknowns may not be the same. Mat- 
rix symbols and matrix multiplication are still applicable, In the case of 
two equations in three unknowns we write 


811 Χ Ἐ ΘΊΔῪΥ͂ ὁ 813 2 Ξ: ἢ}, | ayy 812 813 || x |=] ἢ. 
av, X Δ ΟΥ͂ + avg Z= he 201 822 a23 y hy 
Ζ 


AX =F 
The same abbreviation as in Equation 2.13 applies here. 


Sometimes all the constants on the right hand side of Equation 2,13 may be 
zero. The equations then assume the form 


81} X+ajy2Y +413 2=0, | 811 412 Airy] | X 
Qayi X+agzY+agyZ=O0 | ag, avy avy |] | 
Ζ 


a4, X + age Ytays, 2Ξ0 


431 423 433 (2, 14) 


AX =0 
On the extreme right we have a rather special type of matrix called the 
null malrix, This name is given to matrices whose elements are all zeros, 


If not written out in full,a null matrix can be denoted by any one of the sym- 
bols 


A=0, [aj|=(0|=0, ay= 0 for al 


The following examples should convince the reader that multiplication of any 
matrix by a null matrix always results in a null matrix, 
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Γὺὰ 9.61} .:} s bale dl 
00 0||-2 ὃ 00] 
6 11 

0 

0 


411 Aly 815 =| 0 
@z1 Azz ayy 0 
8.1 802 855} [Ὁ 0 


Hence, a null matrix is analogous to the zero among scalar numbers. 


An interesting property of matrix products may be noted at this point. 
Although the product of two matrices may vanish, it does not follow that one 
of the factors must be a null matrix, Thus, even if we know that 


AB =0 


we cannot conclude that either A = 0 or B = 0. To verify this consider the 
example 


Palle Ls « 


Hence it is quite possible that the product AX may be a null matrix without 
either A or X being a null matrix. This important observation is connected 
with the known fact that a system of equations as in Equations 2, 14 may 
have a non-zero solution, 


Further examples of matrix multiplication may be found at the end of this 
chapter, The reader is urged to practise on them until a confident grasp of 
the mechanism of row-into-column multiplication is acquired. 


2.6 RULES OF MATRIX MULTIPLICATION 


There is a symbolic resemblance between products of matrices and products 
of scalar numbers, Given two numbers a and b, their product is written ab, 
which appears similar to the product of matrices A and B 


AB 
This symbolic similarity must not be allowed to suggest that matrix products 
obey the same rules as products of numbers. Whereas two numbers can be 


multiplied in any sequence without affecting the final result, this is not so 
with matrices. In symbols the fact is stated as follows: 


ab = ba (2.15) 


AB# BA (2. 16) 
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A demonstration of this rule is provided by a numerical example picked 
almost at random. 


on a Lak 
ee aria a 


The product matrices C and D are clearly not equal, so that the example 
verifies the non-commutative law of matrix multiplication. 


Apart from the foregoing example the non-commutative law can be seen to 
operate in the case of products of rectangular matrices. Take,for example, 
the product of a row and a column vector. If the row vector is placed first, 
we obtain as a result a matrix of order 1 x 1. If the order of factors is 
reversed, we find a product matrix of order ἢ Χ ἢ (ἢ = number of elements in 
each vector). By definition these results are not equal. 


In some cases the reversed multiplication cannot be carried out at all. Thus, 
if we are given two rectangular matrices A and B (of orders p Xn andn xq 
respectively, the product AB exists and is of order p xq, whereas BA cannot 
be formed at all if p=q. 


The non-commutative law merely states that matrix products do not always 
commute. It allows the possibility that some matrices may,in fact, commute 
under multiplication. We shall meet examples of such matrices as we go on. 
In view of the non-commutative law,it is sometimes necessary to distinguish 
between the factors in a matrix product, This is accomplished by the terms 
premultiplication and posimultiplication. We say that B is premultiplied by A 
in the expression AB, but it is postmultiplied in BA. 


Linear transformations give a geometrical meaning to the non-commutative 
law. Consider point transformations in the plane, starting with the point P. 
as shown in Fig.2.6. 


The product transformation BA = C carries the point P into Pp4, whereas 
AB = ἢ carries it intoP,,. An inspection of the equations of transformation 
will make it clear that in general the points Pz, and Pap do not coincide, just 
as the products C and PD are not necessarily equal. 


So far we have considered products of two matrices only. A moments reflec- 
tion will show that matrix multiplication can be extended to include any 
number of factors. Thus we can multiply two matrices,say A and B ,to form 
the product AB = E,,and then to postmuitiply this by C, giving 


EC = (AB)C =P (2.17) 
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Fig. 2.6 
Evidently the procedure can be continued up to any number of matrices. 


An important question arises regarding such multiple products. For the 
purpose of calculating the product shown in Equation 2.17 the matrices A 
and B were first grouped together and then postmultiplied by C. It would be 


possible to group B and C together and then premultiply them by 4. 
A(BC) 


Would the final result be the same as in Equation 2.17? The answer is yes. 
In a multiple product of matrices the factors may be grouped in any way, 
without affecting the final result. Hence we can write 


(AB)C = A(BC) = ABC =P (2.18) 


By the non-commutative law of matrix multiplication the sequence of factors 
must, however, be carefully preserved. 


As regards the grouping of factors, matrix products are symbolically similar 
to products of numbers. Three numbers, say a,b,c can be multiplied accord- 
ing to either grouping. 


(ab)c = a(bc) = p 


The above property of products,common to both numbers and matrices, is 
called the associative law of multiplication. 
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So far the associative law has been merely stated. A general proof affords 
excellent practice in manipulating the summations that occur whenever 
matrices are multiplied. For this reason it is given in full. 


We consider products of matrices A,B,C,of orders r*m,m Xn,n Χ 8, 
respectively. The two alternative products are worked out in parallel: 


A(BC) = Ρ' (AB)C = P 
AD = Ρ' EC=P (2.19) 


The products in brackets are first evaluated; their typical elements are 
given by the summations 


A m 
Pe GN, τῆδας 


k=l h=1 (2.20) 


The reader should note carefully the subscripts, the ranges over which they 

are summed, and correlate this with the order of the factor matrices. As the 

next step in the calculation the typical elements of the complete products 

are written down. 
i n 


ii 
Pij = ) ind, ΒΞ Σ᾽ οἴκοι, 


~ k=] 
ur (2.21) 


Equations 2.20 are now substituted in Equations 2. 21: 


m n A τ 
Pij = ) ain ) Prick: ya) = ge } ae Cj 
h=1 k=l ke1 851 (2,22) 


Here we have to do with finite sums of ordinary numbers, hence the double 
summations can be carried out in any order: 


m n m n 
Pij = ἂν Σ᾽ αἰμρηκοκι, Pij = ) Daina; 
hel k=l h=1 Καὶ (2.23) 


This leaves us with the conclusion 
Pij = Pij 2.24) 


The corresponding elements of the product matrices are equal and we have 
proved the desired result 


P'’=Pp (2.25) 
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The subscript i ranges over. the values 1 to r since it is the row label of the 
matrix element a;},,and the subscript j has the range from 1 to s since it 
labels the column of the element Cj: The product matrix P or FP is, there- 
fore,of order r Χ 5 as expected. — 


Having established the associative law for products of three matrices, its 
extension to cover more factors presents no difficulty. The reader should, 
however, satisfy himself about the validity of this law by working out in fulla 
few simple numerical examples. 


As an example of the rules so far laid down we consider powers of matrices. 
The product of a matrix with itself,say AA ,can be denoted by the squaring 
symbol taken from scalar algebra - ΑΖ, Here A is necessarily square since 
the indicated multiplication cannot be carried out for a non-square matrix. 
Let us now premultiply or postmultiply A? by A again: 


(A2)A = (AA)A = AAA 


The last term on the right follows by the associative law and it is.convenien- 
tly denoted by the cube symbol A3. In general we can form any integral power 
of a square matrix and use the symbol A®. It should be observed that negative 
or fractional powers of matrices have not been defined so far. 


Before closing the sections on matrix multiplication we note in retrospect 
that this operation is symbolically similar to the multiplication of scalar 
numbers. In fact,both the terminology and symbols are all drawn from ordi- 
nary algebra. The one notable exception is the non-commutative property of 
matrix products. It will be borne in mind, however, that the procedure for multi- 
plying actual matrices is relatively complicated, as it involves both addition 
and multiplication of ordinary numbers. 
2.7 MULTIPLICATION OF A MATRIX BY A NUMBER 
Definition 
A matrix is said to be multiplied by a scalar number if all its elements are 
multiplied by this number. In symbols: 

kA = | Kaj 


Examples: 


iad | 


2l x1 Xy x | = | 2x1 2X0 2x; | 


/ ka kb ke 
kd ke kf | 


bal 
a Ὁ 
oo 
me ὦ 
a 
Ι! 
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There are both algebraic and geometrical reasons why this particular defini- 
tion should be adopted, they will become clear as the subject develops. For 
the present the reader is warned not to confuse this type of matrix multipli- 
cation with a well known rule for determinants. The distinction will be 
brought out more fully later. 


It is sometimes found that a scalar factor is involved in a multiple product 
such as AkB, It is then permissible to take the scalar outside the product of 
matrices and use it only in the last stage of calculation. 


Thus 
AkB =kAB (2.26) 


An example will help to explain why this should be so 


AKB =| a1; 812 [| kbj; kby2 
| 421 822 || kbo, Kbay 
=| k(ay; by, + 432 B21) k(ayy by2 + 81: bee 
κία;»1 θ11 + @22 B21) k(agy 11 + 822 boo 
= ΚΑΒ 
It will be observed that k appears as a linear factor in all the products of 


numbers making up the elements of the product matrix. Hence it can be taken 
outside the brackets, and in the end extracted outside the matrix product. 


The above rule extends to products of any number of matrices and scalars. 
In the general case the scalar factors can be shifted between the matrices at 
will. 


e.g. 
AKBIC =kKIABC=ABkIC etc. 
2.8 ADDITION OF MATRICES 


Matrix addition is so defined that only matrices of the same order can be 
added. The prescription for adding them is given by the following definition. 


Addition of two matrices, both of order m Χ n,is accomplished by adding their 
corresponding elements. As a result a matrix of order m Χ n is obtained, 
given by the equation 


A+B= [aij | + | bij | - [aij + bi; | = [cis] =C (2.27) 
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Examples: 
a bi+/]g h|=/|/a+g b+ h 
c ἃ k 1] c+k d+] 
e f »"»4. e+p f+q 


[o 1 3])+[—2 o 5} =[—2 1 8] 


An instructive example of matrix addition is provided by a matrix with com- 
plex elements or, briefly,a complex matrix, Just as a complex number is the 
sum of two real numbers, one of them multiplied by the imaginary unit j,so a 
complex matrix is the sum of two real matrices,one of them multiplied by j. 


a + jb c + jd | a c|+]| jb jd 
e+ jf g+jh e ἃ jf jh 
acj/+ji/ bd 
eg , 8 


In the last line the rule for the multiplication of a matrix by a scalar number 
has been applied. 


The addition rule for matrices can be applied to two four terminal networks 
connected in parallel. The admittance matrices of the networks are used for 
the purpose. In the notation of Fig.1.9 we have 

ya +yo)=y 


In full we write 


[ yar’ yao"? [+] yaa yrs" | =] yas) + ya) γι , (8) + yy 
| yar yoo γ21 Ὁ) yoo'b γ21.3) + yoy") γχγίϑ) + yaad? 
Matrix addition, like the addition of numbers, is both commutative and asso- 
ciative, That is,we can always write 
At+B=BtA (2,28) 
A+(B+C)=(A +B) +C (2,29) 
The truth of these statements is obvious once it is realised that only the addi- 
tion of numbers is really involved. To make sure that the Equations 2. 28 and 


2.29 are clearly understood,the examples above should be rewritten with the 
addends placed in reversed order. 
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2.9 DISTRIBUTIVE LAW 


An algebraic rule for matrices will now be established that involves both 
addition and multiplication. The distributive law for matrices assumes the 
same sumbolic form as for scalars. In the latter case we can always write 


(a + Ὁ) = ac + be 
For matrices the same relation holds. 
(A + B)C =AC + BC (2.30) 


A proof of the distributive law can be obtained by writing down in full the 
summations that yield typical elements of the matrices on both sides of 
Equation 2.30. It is then seen that they are equal. This is left as an exercise 
for the reader. 


In connection with the distributive law it must be remembered that matrix 
multiplication is non-commutative. 


Thus in the product 
C(A +B)=CA +CB 


ei factor C must precede A and B just as in Equation 2. 30 it must follow 
em. 


2.10 REMARKS AND EXAMPLES 


With the exception of division all the basic manipulations of matrix algebra 
have now been explained. It is desirable to pause for a while before intro- 


ducing this last operation, to take stock and to consider some more examples. 


Symbolically matrix algebra is very much like the algebra of scalars, with 
the exception of the non-commutative law of multiplication. To bring out this 
fact we summarise the rules for matrices and numbers side by side, in 
Table 2.1. 


In view of these laws we are allowed to manipulate matrix expressions in a 
way similar to scalars, paying due attention to the sequence of factors in any 
matrix product. Thus,to form the cube of a sum of matrices we proceed as 
follows: 


(A + BB =A3 + A2B + AB? + BA? + B2A + BAB + ABA + B3 
The terms on the right hand side must be left separate. Because of the non- 
commutative law, they cannot be grouped into four terms as in the analogous 
relation for scalars. Next consider the expression 


(A + B) (A — Β) = ΑΞ + BA — AB — B?2 
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Table 2.1. 


Matrices. Scalar numbers. 


Commutative law of addition. 
At+B=B+4A 


Associative law of addition. 
A+(B+C)=(A+B)+C a+ (b+c)=(a+b)+c 
Non-commutative law of | Commutative law of scalar 
matrix multiplication. multiplication. 

AB #=BA ab = ba 


Associative law of multiplication. 
(AB)C =A (BC) 


(ab)c = a(bc) 


Distributive law. 
A(B + C)=AB+AC 
ἜΒΑ +CA 


This should be contrasted with the factored form of the difference of squares 
of scalar numbers. 


(a + Ὁ) (a— b) = δ — b? 


Many more such examples can be written down and compared with similar 
relations for scalars. 


2.11 SPECIAL TYPES OF MATRICES 


The null matrix introduced in Section 2.5 had a special property in that all 
its elements were zeros. In the present section we introduce further exam- 
ples of special matrices, starting with the unit matrix. This is a square 
matrix which has unit elements in the principal diagonal and zeros every- 
where else. The unit matrix of order 3 x 3 is 


ΘΟ μὰ 
"με (ὦ 
μὲ (ἑῷ (ὦ 


The principal diagonal of a matrix,or briefly the diagonal, starts in the top 
left hand corner. The remaining elements of a matrix array are frequently 
referred to as off diagonal. 
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The outstanding property of the unit matrix is that it leaves any matrix 


unaltered under multiplication. Therefore it is analogous to unity among 
scalars. 


Example: 
811 412 413 10 0|Ξ|͵| 8:1} 812 813 
821 822 ae3||0 10 ἃ21 8) 5) 8.23 | 
001 
In general we can write for the unit matrix 


AI=IA=A (2.31) 


where J stands for the unit matrix. 


It should be noted that unit matrices used in pre- or postmultiplication with 
a rectangular matrix will not be of the same order. Thus,in the example 
above, the unit matrix must be of order 2 x 2 if used as a prefactor: 


1 O}} ag, 812 413 |=] 81]; 812) 813 
Ὁ 1 || 821 822 8323} 821 8.22 423 | 


The unit matrix,or rather its elements, can be described by the equation 
where δὴ) is the Kronecker-6 symbol. It is defined by the algebraic property 


1 when i= j 
ij = (2. 33) 


0 when i + j 


In connection with linear transformations the unit matrix represents the iden- 
tical transformation. 


X =X=xX (2.34) 


In two dimensions this is 


bey αὶ στο μα ἃ δὲ 


Considered as a point transformation the identical transformation leaves the 
point P(x,,x,) unmoved relative to the frame of reference. 
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Next consider a square matrix of the special form 
a 00 
0b 8 
oo ec 
As in the unit matrix the off diagonal elements are zero, but the diagonal 


elements can be any numbers. This matrix is called diagonal. It can be 
briefly described using the Kronecker-6 symbol. 


Diagonal matrices provide an exception to the non-commutative law of multi- 
plication. 


Example: 
a 0 0 0 Ol=z=iado6o Ὁ 
0 b e 0 0 be O 
0 0c 0 f 0 O ef 
lao olla ὁο 0[Ξ] ἀὰ 0 0 
ῳ,ἔὖζ 60 0500 0 eb 0 
e © i 00 0 0 fe 


A general proof that diagonal matrices commute under multiplication provides 
excellent practice in the use of the important Kronecker-6 symbol. 


We start with two diagonal matrices D"!) and D‘?’, both of order ἢ x n, and we 
set out to show that 


Dip?) = Π(2)ῃηῃ(1) = ἢ (2. 36) 


Starting with the left hand side the typical element of the product is 


n 


i hh dix?) ἀκ). 32) 


k=l 


ni 
). (μοι) (442s) 


κι: 


with the help of Equation 2.35. The first term in brackets under the summa- 
tion sign vanishes, except for k = i, by the property of the Kronecker symbol. 


dij 
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Hence the summation reduces to a single term for k = i and we find 
dij = (aij‘2"5;;) (α.,.2)5.}) 

We simplify this by virtue of 6;; = 1 to the form 
dij = ἀμ (1) (ἀμ .2)5.}} 


Here we use the property of the Kronecker symbol again and conclude that 
the above product vanishes except for Ἷ = i. Hence the only non-vanishing 
elements of the product D"!’D‘? are the diagonal elements 


ἀμ = dyg“2 5°?” (2.37) 


An argument like the above for the product D‘2’D‘!? leads again to Equation 
2.37, Hence diagonal matrices can be multiplied in any order as stated by 
Equation 2.36. Moreover, according to Equation 2.37, diagonal matrices are 
multiplied by multiplying together their corresponding diagonal elements. 


It is sometimes convenient to include rectangular matrices under the heading 
diagonal. Thus a matrix of the form 


δὲ 0 0 
0 dz 0 


may be referred to as diagonal, although it is not strictly within the above 
definition. Rectangular diagonal matrices do not, of course, commute under 
multiplication. 


An important type of special matrix is obtained by letting the non-zero ele- 
ments of a diagonal matrix be equal numbers 


Example of order 3 x 3: 


k 0 0 
0k 0 
00k 


The name given to this type is scalar matrix. The reason for this name 
becomes apparent when any matrix is multiplied by a scalar matrix. 


k || ai3 812 813 |=] Kay, kayo ΚΒ15 
0 Καὶ ] 8:2}. ago 823 kay; Kago kags 


The effect of multiplying any matrix by a scalar matrix is the same as multi- 
plication by a scalar number. 
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In terms of the Kronecker-5 symbol the scalar matrix can be written 
[ai | τ [e545 | 
It can also be expressed in terms of the unit matrix, when it is observed that 


the scalar matrix can be obtained from the unit on multiplication by the 
appropriate scalar. 


ky = [κῦ; i] 
The properties of the scalar matrix are summarised in the relation 
eb; | = kB =kIB (2. 38) 


where B is a general matrix. 


Inserting —1 for the diagonal elements of a scalar matrix we obtain a matrix 
of the form 


—1 0 0]Ξ-- 1 0 0/=-1/=-1 
0-1 0 010 
0 0-1 001 


The above matrix is clearly analogous to —1 among numbers. Its effect on 
any matrix A is the same as multiplication by the scalar —1, and the opera- 
tion is denoted by any one of the following symbols: 


—~l[A=-1A=-A 


Thus changing the sign of a matrix is equivalent to multiplying it by —/ or 


A matrix is called symmetric if the elements situated on opposite sides of 
the principal diagonal are equal. 


Examples: 
, €6t ade 
42 6 dbf 
§ 6 8 efc 


When we come to define the reciprocal of a matrix in a subsequent section, 
we shall find it necessary to rearrange a matrix array by interchanging its 
rows and columns. This operation is so important that it is given a special 
name: tvansposition.A matrix with interchanged rows and columns is called 
the transpose of the original matrix. 


E 
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Examples: 


original matrix its transpose 


a be ad g 
def beh 
pen i Gok 4) | 
Xy [χὰ x2 xs] 
Xo | 
X3 | 


The transpose of a matrix A is usually denoted by a prime: A’, Sometimes 
the symbol At is also used. Another method of denoting the transposed 
matrix is to interchange the subscripts of its elements 


A’ = | aij | = [aj | 


Transposition provides a method of distinguishing between row and column 
vectors. Thus, if ¥ represents a column vector, δ΄ represents the correspon- 
ding row vector. To avoid confusion between the transpose of a column vector 
and the coordinates in a linear transformation, the latter will henceforth be 
denoted by superscripts in brackets, e.g. Χ 1) ¥®? ete. 


The symmetric property of a matrix may be conveniently stated in terms of 
transposition. Thus,if S is any symmetric matrix, it satisfies the relation 


πὰ (2.39) 
In terms of typical elements Equation 2.39 can be written 


ou) [ou δ.) 


Sij = Sii 


It should be noted that only square matrices can be symmetric. 


or 


Symmetric matrices occur frequently in the equations of linear, passive, 
bilateral electric circuits,as will be seen in the next chapter. 


Let us now consider the following matrices: 


δ᾽, ὦ δ, anata emcee op 
wt Gog Peo ἢ τ mgug 
2-3 0 c—jd e+/jf 0 
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The elements on opposite sides of the principal diagonal are numerically 
equal, but have opposite signs. Take one of these matrices, transpose it, and 
change its sign (or multiply it by —1 or —/). Denoting the matrix by the 
symbol A, the sequence of operations is 


Az| Ὁ 1 2], Aol O - -- ὺ --Α' -ί 9 
-Δ 0 8 ἃ hw -} 
—2 -3 0 2 8 ὃ —2 “8. 6 


The matrix A is seen to satisfy the relation 
=—A =A or Α΄ =—A (2, 41) 
Matrices of this type are said to be antisymmetric or skew symmetric, 


Statements of the antisymmetric property of a matrix, alternative of Equa- 
tions 2,41 are 


[aij] = [—aji|, 81) = —ajj 
The diagonal elements of antisymmetric matrices are necessarily zero 
since we must have 


Ay ayy =O 
Complex matrices provide interesting and instructive examples of special 


types. To introduce some of them let us take the complex conjugate of some 
matrix and then transpose it, For example let 


A=|a+ijb c+id|], A=[a—jo c—jal, & =[a—jo c—jel, 
d+je f+ jh. |d—je f—jh d—jd 1-- 
The matrix A’ is so important in matrix algebra that it is given the special 


name of Hermitian adjoint of A. 


Now, it is conceivable that a matrix H exists, with the property that its 
Hermitian adjoint equals itself. In symbols 


H'=# (2. 42) 
As an example take 


ΠΕ 2 d+ jp e+ iq | 
d—jp ἢ f+ jr 
tion 1-} ὁ 
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H= a d— jp e — jq | 
d + jp b {—jr | 
e+jq {+ jr Cc 


H'= a d+jp e+jq|/=H 
| d—jp b f+ jr 
e—jq {—jr c 


The matrix H is called Hermitian, Hermitian matrices are important in 
many applications, apart from providing practice in transposition, as they do 
in this section, It is readily seen, on the example above, that a real Hermitian 
matrix is symmetric, 


By analogy with skew symmetric matrices there are skew Hermitian mat- 
rices, They satisfy the relation 
H'=—H 


It will be observed that the diagonal elements of a Hermitian matrix are 
real, since they are equal to their own complex conjugates, The diagonal 
elements of a skew Hermitian matrix are purely imaginary. 


Various types of special matrices occur in problems of partial differentia- 
tion. We shall now describe the most important of them, called the Jacobian 
matrix, To introduce it we start with two functions of two independent 
variables each 


fy (xz, x2); fo(x:a, x2) 
We form partial derivatives of these functions and arrange them in a matrix 
of order 2 x 2 
[ af af 
GX, OX» 
δῖ) ate 
OX, <dXg (2. 43) 
This is the Jacobian matrix of the functions ἢ with respect to the variables 
xj. The method of labelling rows and columns of this matrix should now be 


noted. The subscripts of the functions in the numerator label the rows, 
whereas the independent variables label the columns, Abbreviated symbols 


Η can stand for (2.43). The latter form is particularly concise and can 


ox 
be used to advantage, as we shall see in a moment. 


are frequently used to denote Jacobian matrices. Thus, either δι] or simply 
x 
] 
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We shall now obtain a result, expressed in terms of Jacobian matrices, which 
is analogous to the familiar chain rule of differentiation. We assume that 
our variables xj are themselves functions of new independent variables 

Yk» —Xj = xj(V, , Yj), and we wish to find the partial derivatives of the 
functions fj with respect to the γι. Let us first form the product of matrices: 


af; af | fax ax 
OX; OXz | | Oy, ΟΥ̓́; 
OX, 9X2] ὃν OY2 | 


The second matrix of the above product is the Jacobian of the variables 
X1,X With respect to the new independent variables y,, γ.. Written out 
in full the product is 
af; 0x1 , Of, ὃΧ;); fy Oxy δ Oe 
OX, dy, 0X2 ey, OX, dYo ΧΩ Ὁγ2 
| δῖ) 0x1 δῖ) OX. δῖ») ὅχι 8έ) ὉΧ 
OX, OY, OXy ὃ), OX, OYg Ὀχ ΟΥ̓͂Σ (2. 44) 


In terms of typical elements the foregoing manipulations may be written 
down concisely as follows: 


δῇ | | OX} fj 9x, , af; axe 
bin |_| Sf Ox1 δῖ) Ox, 
| ΕἸ Ε ὃγκς OXy OY, (2. 45) 


Let us now consider one of the elements of the product matrix (2, 44), say 
the first, It is proved at length in textbooks on the differential calculus that 
an expression of this form is, in fact, the partial derivative of f, with respect 
to the new variable y,. 


af, Oxy | Ay Oxy δ) 
OX, Oy, OXydy, dy, (2, 46) 


A similar observation applies to the remaining elements of (2.44), The pro- 
duct matrix, (2, 44) can, therefore, be rewritten 


Paty af 
| OY, OY2 
af, ϑρ 
OY, dY2 (2. 47) 
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The results may be summarised in two alternative forms: 
Xj || 8Yk ὃν κ 
af || ax | =| af (2. 48) 
dx || dy | oy | 


The striking analogy between this matrix expression and the chain rule 
differentiation is now apparent. 


where f = f(x) and x = x(y). 


Equations 2.48 afford perhaps the best example so far of the highly efficient 
symbolism provided by matrix methods. 


2.12 REVERSAL RULE FOR THE TRANSPOSE OF A PRODUCT 


Transposition is an algebraic manipulation peculiar to matrices, Its most 
important consequence appears when an attempt is made to transpose a 
product of two or more matrices, Is in this connection that the reversal 
rule arises, 


Whenever it is necessary to transpose the product of two or more matrices, 
it is found that the same result is obtained by first transposing the factors, 
and then multiplying them in reverse order, To put it in symbols we always 
find 


Ο' = (AB)' = B’A' (2, 49) 


The origin of this rule is to be found in the basic definition of matrix multi- 
plication which is row into column, the row being taken from the prefactor 
and the column from the postfactor. As a result of transposition rows and 
columns are interchanged and consequently the order of factors must be 
reversed. Instead of writing out in full a proof of Equation 2. 49, we illustrate 
how the reversal rule works on some numerical examples. 


Let 
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Then 
C=AB=/6 5) and C’= (AB)’=|6 0 
Ad w 


The results are seen to agree with Equation 2, 49, 
Example of a product including a non-square matrix: 


' / 
811 412 Xy =] 4,1 X1 + 81) XQ | 
8.21 422 || X*2]{ 8.2] Xi + ape Xe 


= [ars Xj Ἔ 8712 Χ2 8.21 X1 + Ago x2 | 


|x x2 | 811 821 
| ai2 822. 


Ι Κι 811 815 
X2 a21 422 
2,13 DETERMINANTS 


Determinants enter the subject of matrix algebra when the reciprocal matrix 
is to be defined, It is assumed that the reader has learned about determinants 
before, hence the object of this section is to provide a summary of the basic 
properties for convenient reference, arranged in the context of matrix 
algebra, 


The determinant of a square matrix A, denoted by the symbol |A|, is a scalar 
number computed from the elements of A. For an array of order 2 x 2 the 
method of computation is given by the scheme 


[A] = a3, 8:12 = 811 Age — 81} 821 


421 822 


Determinants of higher order are evaluated by expansion in terms of ele- 
ments of a row or column, A determinant of order 3 x 3 can be expanded in 
terms of elements of the first row as follows: 
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11 812 81] = 411/422 8.23] τ 412/821 3.23 Ἔ 813 [821] 8.22, Ξε ιγ( Ἐ1}}8.2.2 8.23] ὁ 81γ(--1}}8.21 8.23 + 8159(Ἐ1}}85} ao2 
21 422 8.28 a32 433 a31 433 83 832 32 433 83, 433 31 432 
851 432 433 (2, 50) ; 


Here, the determinants of order 2 x 2, which multiply the elements of the 
first row, are called the minors of these elements. The minor of an element 
is.obtained by striking out the row and column to which the element belongs. 
Thus, the minor of a,» 1s 


11 412° 818) = 421 823 
a21 422 423 
831 @32 433 


31 433 


The expansion of a determinant in terms of the elements of the first row 
and their minors is completed by assigning positive and negative signs to 
alternate terms, as exemplified in Equation 2.50, The value of the determi- 
nant in Equation 2.50 is finally obtained by calculating the minors of order 
2 x 2. The expansion method can be applied to determinants of any order. 


It proves more convenient in practice to work in terms of cofactors, or signed 
minors, when expanding determinants, The cofactor of an element ajj is its 
minor, with a sign prefixed according to the rule (—1)i+). Thus, the cofactor ' 
of the element 81. considered above is its minor with a negative sign. The 
cofactor of the element aj; will be denoted by the symbol |Ajj| (including 


sign), 
The rule of attaching signs to minors, to form cofactors, is most readily 
remembered in terms of the following scheme: 
+—+—+—t+ occ eo owe 
| —+— +— + — ".ἃ κα αὶ αὶ ἃ ὁ 
| -+$—+t+—+—+ ΓΕ ΤΥ ee | 


The minor of an element is given the sign found in its position in the above 
array. 
In terms of cofactors Equation 2,50 can now be rewritten 

| 11 412 8.13} 5Ξ 


a9), 822 423 
a3) 85.) ays 


or more briefly 
ΙΑ! = 8ἃ114.1.1} + 4y2|Aye| + 8154 15] 
In general, the determinant |A| may be expanded in terms of the elements of 


any of its rows, or columns, and their cofactors. The expansion in terms of 
the elements of the i-th row assumes the form 


Al = aj, [Αι + aj [422] + ----- + ain!Ajn! 
ῃ 
Ν ) aula (2. 51) 
l=1 


where ἢ X n, or briefly n, is the order of the matrix A. The expansion in 
terms of the elements of the j-th column is 


|A| = 81] 4.22} + 84] |Agjl Ἔν κω. F Anj |Anj| 
n 
- ) aii 
(2, 52) 
k=1 


The cofactors appearing in Equations 2,51 and 2.52 may in turn be expanded 
in terms of their own elements and cofactors of lower order. In fact, the 
process may be continued until cofactors of order 1 X 1 are arrived at, and 
the determinant |A| is expressed as a sum of products of its elements. 


Using the method of evaluation outlined above, various properties of deter- 
minants may be established. The following is a summary of the properties 
we shall have occasion to apply. 
1. Transposition leaves the value of a determinant unaltered. 
2. Interchange of any two rows or columns of a determinant changes its 
sign. 
3. A determinant having two rows or columns identical equals zero. 


4. The value of a determinant is multiplied by the factor 1, if any one of 
its rows or columns is multiplied by 1. 


5. The value of a determinant is unchanged by the addition of multiples of 
any of its rows (or columns) to a given row (or column). 


It should be noted that rule 4 does not apply to the determinant of a matrix 
multiplied by a scalar k, In that case all rows are multiplied by k, so that 
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the determinant is multiplied by Κα (n = order of matrix), In symbols 
[ΚΑῚ =k" |A| 
Using rule 3 we can prove that expansions of a determinant in terms of 
alien cofactors always vanish, By this we mean that substitution into Equa- 


tion 2.51 of cofactors not belonging to the i-th row makes the expression 
vanish, Using cofactors of the p-th row, instead of the i-th, we write 


δὰ 1.401] + ajs| A pp | ere es 2in!|A pn =O 
n 
) aul Ap) | = 0 (2, 53) 
1.1 


The truth of Equation 2. 53 is evident, once it is realised that the cofactors 
|Ap)| contain the i-th row inside themselves. It is then seen that Equation 


2.53 is the expansion of a determinant having two identical rows: the i-th 
and the p-th. 


2.14 THE ADJOINT MATRIX 

The cofactors of |A| may be used to form a new matrix from A. 

Definition, 

Take the cofactors γε! and arrange them in the form of a matrix, by replac- 


ing each element of A by its cofactor, and then transposing the array. The 
resulting matrix is called the adjoint of A,and is denoted by adjA. 


In symbols the adjoint of A is defined by the expression 
adjA = [14|}’ i‘ | |Ajil | 
Sometimes the word adjugate is used instead of adjoint. 


The adjoint of A should not be confused with the Hermitian adjoint of A; the 
only thing they have in common is transposition. 


(2. 54) 


In the following example of order 3 x 3 the successive stages of forming the 
adjoint matrix should be carefully noted. 


Original matrix: 
A=] a1, ayn 8153 
ao, doo agy 
831 8.522 8.55 
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Matrix of cofactors not transposed: 


[14 | = [411] [412] [4153] 


8.25, (--1}}821 
ass 8.51 
8.13 8.11 
8.35 8.31 
813 (--1)}811 
8.23 [8.21 


ΙΑ) ιἰ |Azel [428] 
|Azi| [432] [453] 


a23 agi 
a33 8.51 
8132 (--1}8}1 
8.53.3} 31 
8.13 aii 
a23 8.21 


Matrix of transposed cofactors or adjoint matrix: 


adjA = | |44j] |' = | |Aaal |Aaal [451] 
| [Aza] |Azgel [432] | 
[413] [423] [435] 


8.253) {--1}}812 
8.35 3.32 
aoy [811 
8.5. asi 
8.2 (--1}}811 
ago a31 


813 4.12 
a33 a292 
815 (--1}}811 
8.533 3.21 
812 811 
age 8.21 


The subscripts of the cofactors in the untransposed and transposed matrices 
should be carefully noted at this point. 


Numerical example: 


Wel 1 6 .«Ὁ}]  14ijl | = ὃ «ὦ 18 , | lal | = adi = ae - 
es ees ὃ '΄ ὦ δὰ 58 «ὦ 
Ὁ ἃ ἜΣ τ. i268 3 
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For a matrix of order 2 x 2 the adjoint is particularly easy to form since 
the cofactors are just elements. 


Example: 


1} 
¥ =| 1} Yue} [1γμ}} = 725 —¥a1. " adiy =| |¥ijl Ξ- ¥Ya2 ~Yua 
ς. L%21 522 125 (ets 721 γ7.1 


The adjoint matrix is introduced at this stage because it forms an essential 
step in the definition of the reciprocal matrix. 


2.15 THE RECIPROCAL MATRIX 


The symbolic similarity between matrix and scalar algebra has already been 
pointed out, It applies to the reciprocal of a matrix A, which will be found to 
be analogous to the reciprocal of a scalar number. 


This means that the reciprocal matrix, let it be denoted by A~1, should yield 
the unit matrix when either pre- or postmultiplied by A. Symbolically this is 
stated as follows: 


AA“L=A 1A =T (2, 55) 
From the properties of matrix multiplication it follows that Equation 2, 55 
can only be satisfied by square matrices. Another reason why reciprocals 
can be formed of square matrices only is the fact that the determinant enters 
into the definition, 


Definition, 
To “ci the reciprocal of a square matrix A write down adjA and multiply it 
by—.. In symbols: 
|A| 
manus ἃ ‘ 
ΑΓ’ τῳ - δα] α 


ΙΑΙ (2, 56) 
Example 1, 


A=!| 201, ΙΑ] = 2, adjA=|/1 0 
—§ 4 ΓΤ. 
ΑΓ =F adjA = Np 40 ες ὁ 
3 ἃ Yo 1 | 
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To check that the last matrix is the reciprocal of A according to the require- 
ments stated above, carry out the multiplications AA“! and A“1A, 


Example ὦ, 
A=|2 -1 0!, |Al=9, adjA=[ 6 0 -8| 
0 1 8 3 0 -Ὁ 
1 —2 0 -Ῥ1 $ 32 
“4 1 ae _ 
3 0 --Ὁ 
—1 3 2 
Here the scalar factor " oe Β is left outside the adjoint as this proves more 
convenient in numerical computations. 


Check: 


A1A=',[ 6 0 -3|/2 -1 


AA+=/2 -—1 O}(%)} 6 Ὁ —3/=%)9 0 =f 
0 zy is 9 0 -6 9. ὃ 
1 —2 0O -1 8. δ 0 Ὁ 


In the last line the scalar factor has been taken outside the matrix product 
(see Section 2.7). 


In the foregoing examples the reciprocal matrix is seen to satisfy Equation 
2.55, It is possible to prove in general that a reciprocal found according to 
Equation 2.56 always satisfies these requirements. Before writing out a 
complete proof, however, let us demonstrate this fact for a general matrix of 
order 3 x 3. 
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A=] 81} 812) 813 
421 @22 8.23 
431 832 433 | 


es 1 e 
Ait= ΓΙ] [Ayal [Aaa] [451] 
[412] |Azel [452] 
|Aiz! [4253| [435] 


1 


A“A= ἢ] [411] [421] [451] 811 812 813 
| |Azel |Aze2l [452] 821 822 823 
[415 [423] [4535] | | asi age 833 


Consider the first element of this product. 
8114.χ.} + &23/Aail + ag3/Agq| =|Al 


It is the determinant |A| expanded in terms of the elements of its first column 
and their cofactors. In a similar way the remaining diagonal elements of the 
above product can be seen to equal |A|.’ Next let us write out one of the off 
diagonal elements of the product, say the second element of the first row. 


@42|Ay4| + Age|Az4| + agg|Az,| = 0 


The sum vanishes since it is an expansion of the determinant |A| in terms of 
alien cofactors, Similarly all the off diagonal elements can be shown to equal 
zero. Hence the product has the form 
A-1A = a Al o o |=! 

0 ἡ! 0 

0 oOo |Al 
The reversed product AA ~! can be shown to equal the unit matrix in the same 
way. 


A general proof that A~1A = AA“! = J follows the lines of the foregoing cal- 
culation except that the matrices and their products cannot be written out 
in full, but must be handled through summations. Let 


C = AAq) = A( 7 )adi4) (2. 57) 
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A typical element of this product is 


n 
1 
“ij = (| ὴ ajklAjel (2. 58) 
k=1 


where n Xn is the order df A. It should be observed that the summation in 
Equation 2. 58 runs over the column subscript of the cofactors A; because 
the adjoint is a transposed matrix. The summation is the expansion of the 
determinant |A| in terms of elements of its rows. In cases when j = i it 
yields the value of the determinant, so that we have 


nH 
Daina = 141 2.59) 
k=1 
and the diagonal elements of the product of Equation 2. 57 are 


qj=l 


Whenever j #i the summation in Equation 2.58 is an expansion of the deter- 
minant |A| in terms of alien cofactors and therefore vanishes. Hence 


61 = 0 
Collecting these results we find that C is a unit matrix. 
C=I[=AA™ (2. 60) 


A similar argument applies to the reversed product A~+A, Hence, the recip- 
rocal matrix may be used either in predivision or in posidivision with A to 
yield the unit matrix. 


A few final observations should be made before passing on to applications of 
matrix division. Throughout this section it has been tacitly assumed that the 
determinant |A| does not vanish. Wie ie this assumption it would be impos- 
sible to form the scalar factor 7 and hence the reciprocal matrix. There 


are, of course, square matrices whose determinants vanish and which, there- 
fore, do not have a reciprocal. Such matrices are termed singular, Matrices 
with a nonvanishing determinant are nonsingular. 


The reciprocal is a matrix like any other, therefore it is subject to the same 
rules. In particular it does not commute under multiplication by matrices 
other than A. In general 

A-1B#BA“™} 


For the same reason A“! is never written. For example, in the product 
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BA“1E the sequence of factors would be confused, if the expression were 
written 


BE 


z 


A 


2.16 APPLICATIONS OF MATRIX DIVISION 
It was mentioned on ἢ. 28 that systems of linear equations can be solved by 
means of the reciprocal matrix. As a matter of fact, its definition was origi- 
nally formed with that end in view. It is, therefore, natural that we should 
solve some linear equations as the first application of matrix division. We 
consider the 'square’ case of n equations in ἢ unknowns. 

AX =H (2, 61) 
Premultiplication of both sides of Equation 2,61 by A“! yields 

X=A™1H (2. 62) 


Let us write out in full the case n = 3 


#12 812 815 || Χ5 | = hy 
221 822 8.523 ΧΩ he 
839] 432 433 || X3 hs (2, 63) 


As the first step towards a solution we write 


x [5 1 Ayal |Aail [451] hy 
X2 [412] [422] [432] ha (2. 64) 
ΧΆ | 1413] [423] [433] } [hs 
Χ == (adjA) H 
| Al 


Multiplying out the right hand side of Equation 2.64 we find 


Xx, |= ΠῚ hy|Az3] + helAea| + hglAsal | 
| Xp 1 hy|Az2| + helAgel + hslAgol 
Xg hy|Ai3| + hglAgs| + hglAgs| | (2. 65) 
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By the definition of equality of matrices the individual unknowns are 


1 | | 
cart (hylA ail + hg|Agy] ὁ hs|A331) 


1 
Χ2 = ΠΩ] (μ,,4 i2| + hg|Aga| + hs|A gal ) 


1 
3 =A (h|A i3| + ha|Agal + hg|A 331) (2. 66) 


In any specific numerical problem, for which the determinant |A| and the 
cofactors [Aj]! have been computed, Equations 2.66 are the final solution of 
the system of Simultaneous equations (Equation 2.63). However, to obtain a 
better insight into the nature of the solution, it is desirable to go a step fur- 
ther. An inspection of the expressions in brackets will show that they are 
expansions of certain related determinants in terms of elements of a column. 
Thus, the first expression will be recognised as the expansion of the deter- 
minant 


hy 812) 413 
he age ags 
hg 832. 433] 


in terms of the elements of the first column. Likewise the remaining expres- 
sions can be identified as the determinants 


811 hy 8.13] ? 3811 812 hy 


a21 hg 8.23 8.21 822 he 


831 hg 853 831 8.23 hg 


Hence Equations 2,66 can be rewritten in the form 


hy @j2 813 @ji hy 813 811 812 hy 

ha 822) 423 821 he 823 8.21 822 ἢ 
x, = thy 832) 833] >» i 851 hg agsl » ee κ.5 hg Ν᾽ 
|A| ΙΑ] |A| (2. 67) 


Equations 2.67 represent Cramer's Rule for the solution of a set of simul- 
taneous linear equations, 


With the matrix method three ways of solving sets of linear equations are 
available: (1) successive elimination of the unknowns; (2) Cramer's Rule; 
(3) working out the reciprocal matrix and postmultiplying it by the column 


F 
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vector of constants hj. Which of these methods should be used will depend 
on circumstances. In simple cases successive elimination may produce the 
quickest result, The matrix method should prove advantageous in situations 
where the adjoint of A happens to be known, 


Cases of this kind will be encountered in Chapter 3 in connection with 
four terminal networks. In problems of a general nature the matrix 
method is almost always to be preferred for its compactness and lucidity. 


In the foregoing problem it was assumed that |A| #0,or that the matrix of 
the equations is non-singular. Systems of equations having a singular matrix 
A or |A| = 0, cannot be solved by the method used above, Neither are we ina 
position to solve systems of equations having a rectangular matrix (a dif- 
ferent number of equations and unknowns, see p. 28). To tackle these 

more difficult problems additional concepts and methods of matrix algebra 
are required. 


An important problem in simultaneous linear equations arises when the con- 
stants on the right hand side of Equation 2.61 are all zero. 


AX=0O (2.68) 


The distinction between equations of the type represented by Equation 2.61 
and 2.68 is fundamental, and separate terms are used to describe them. 
Equation 2.61 is called ‘nhomogeneous whereas Equation 2.68 is called 
homogeneous. It is evident that Equation 2.62 does not apply to homogeneous 
equations, except in the trivial case when all the unknowns are zero. The 
question of homogeneous equations will be dealt with fully in Chapter 4. 


All these limitations need not discourage the reader who wants to learn the 
applications of matrix algebra to electric circuits. The methods explained 
in the present chapter will be sufficient to cover many electrical problems, 
in fact,all those discussed in Chapter 3. 


Let us now consider the geometrical interpretation of the reciprocal matrix 
in linear transformations. From the linear transformation 

X @) = AX (2.69) 
we can form the reciprocal transformation 

x) — 4-1x (2) (2.70) 
For point transformations this means that just as A shifts the point P“’ 


into the point P‘*’, so A~! returns P‘?? to the original position P™, 
Graphically this is represented in two dimensions by Fig. 2.7. 
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Di (2) (xé 2) κ Ὁ ) 


. pO 4) 


Fig.2.7 


2.17 REVERSAL RULE FOR THE RECIPROCAL OF A PRODUCT MATRIX 


A reversal rule applies to the reciprocal of a product of matrices as it does 
to the transpose of a product (see Section 2.12). This is to be expected since 
the reciprocal is essentially a transposed matrix. A proof can be given 
purely in terms of matrix symbols without recourse to summations over 
elements. 


We start by writing down the product of two matrices 
AB=C (2.71) 


Since the product C is once again a matrix we can form its reciprocal 
according to the rules of the preceding section. 


et (AB (2.72) 
The question arises whether the reciprocal matrix can be found without first 
working out Equation 2.71. This is,in fact, possible through the following 
relation: 


(AB)"i = B71A7! (2.73) 


To verify Equation 2.73 we premultiply it by (AB) and hope to get the unit 
matrix in the end, 


CC~! = (AB)(AB)-1! = (AB) B-1A-1 
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The brackets are removed from the right hand side of the above equation by 
the associative law for matrix products. Hence 


(AP) B-1A-1 = ABB-1A71 = AJA~!1= AA“l =I 
This establishes the reversal rule by premultiplication. A similar argument 
applies to postmultiplication. 


While on the subject. of reversal rules we give two more examples in which 
matrices of a transposed nature are involved. The first is the adjoint of a 
product. We write 


adj(AB) = (adjB) (adjA) (2.74) 
The Hermitian adjoint is primarily a transposed matrix,hence we expect a 
reversal rule to apply as well. Thus 

(ABY = BA’ (2.75) 


Although the foregoing rules have been stated for products of two factors 
only,they are easily extended. Thus the reciprocal of ABC is 


(ABC)71 = C71B-14-1 


Similar extensions apply to the adjoint and Hermitian adjoint of a multiple 
product. 
2.18 SYMMETRIC MATRICES AND THEIR RECIPROCALS 


In this section we prove a theorem on the adjoints and reciprocals of sym- 
metric matrices. The theorem is of great importance when matrix algebra 
is applied to electrical problems,as we shall see in the following chapter. 


Theorem 


The adjoint and the reciprocal of a symmetric matrix are themselves sym-~ 
metric matrices. 


First we prove the theorem for adjoint matrices. Since the elements of the 
adjoint matrix, adjA,are cofactors of the determinant |A|, we must show that 
they satisfy the relation 


|A ij] = |Ayil (2. 16) 


To this end we expand |A| in terms of elements of a row and then in terms of 
elements of the corresponding column. As an example we write down the 
expansion for the second row and also for the second column. 


|A| = ag, [4.41] Ὁ 8.22 422] + .. + 82) |Agyl + -. + agniAonl = 
= Ayo 4.2] + 822 [422] +-- + 8)) |Ajoi +-. + apo μοὶ (2.11) 
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By virtue of the symmetry of A we have 


8.1] = 812 
Hence the Equation 2.77 can hold only if the corresponding cofactors are 
also equal. 

|Ao,|= lAyol; af fea |Agjl = IAjo|, sles 3 fe lAon! = lAno! 


Now, an identity like that in Equation 2.77 can be written down for any row 
and column of A ,therefore we conclude that Equation 2.76 holds in general, 
which establishes the symmetry of the adjoint matrix of A. 


Since the reciprocal matrix is obtained from the adjoint on multiplication by 
a scalar factor it also is symmetric. 


Chapter 3 
Equations of Linear Two - port Networks 


The matrix algebra explained in the preceding chapter was especially 
developed to handle linear algebraic relations. The equations of linear cir- 
cuits are themselves linear, hence they provide a natural field for the appli- 
cation of matrix methods. It is the object of the present chapter to show how 
this is done, 


3.1 MESH EQUATIONS OF LUMPED LINEAR CIRCUITS 


Applying Kirchoff's Voltage Law to the circuit of Fig.3.1 the following set of 
simultaneous linear equations is obtained. 


(Zi + Ζ2 ὁ Zs) I, - 23 I, - Ζ213 =E, 
—Z, I, —Z, I,+ (Ζ2  Ζ4 τ Ζ6)15Ξ ΒΕ (8.1) 


The applied e.m.f.s E1,E2,E3 are assumed to be known and the loop currents 
I1,I2,Ig are the unknowns, to be found by solving the set of simultaneous 
linear equations 3,1. Our aim is to apply matrix algebra to the solution of 
this problem, 


62 
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The first step towards a solution is to rewrite Equations 3.1 in a notation 
better suited to matrices. We replace the separate circuit impedances that 
make up the matrix of Equations 3.1 by symbols with double subscripts. 


“4, + Zo + 4s —Z3 —Zo = 211 212 413 
—Z3 Z3 + 24 + Zs —Za Ζ21 Z22 223 
- 2. —La Zo + 44 t+ Ζ8 431 432 433 | 

=Z (3, 2) 
Equation 3.1 is next rewritten in matrix form. 
Ζ11 Zi2 213 I, |=} 5: 
Z21 Z22 Zaz Ip E2 
| Zs, Zs2 Zs Δ} ae 
zt=8 


Premultiplication of the last expression by Z -! yields the solution of our 
problem. 


I= Ζ᾽ῚΒ (3.4) 


Writing out this result more fully, in accordance with the rule of forming the 
reciprocal matrix, we find: 


1, |= 12141 |Z2al [Ζ51 || Ea 
ἴω [21] [222] |Zs2 || Ἐπ 
| Is [215] [Zos! |Zs3 || Es 
Ζ. ΙΖ.) 
Ζω; Z 32 
Zo: δῖ 
Ἔ 19] ED + Ain E, + Bes Ε- ἰὰ 


In the above expressions [Ζ] is the determinant of the matrix defined in 
Equation 3.2,while |Z;j| is the cofactor of the element 2,j. 


Having solved the algebraic problem of finding the loop currents for the 
three-mesh circuit of Fig.3.1 let us pause for a while and make a number of 
observations on the result. 
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The matrix defined by Equation 3.2 is usually referred to as the impedance 
matrix of the given circuit. Had we chosen to set up the equations of the 
circuit in Fig.3.1 by applying Kirchoff's Current Law to the nodes or, in 
other words, by using the node method, we would have obtained the admiffance 
matrix instead. 


The elements of the impedance matrix are not simple individual impedances 
but their sums, sometimes with negative signs. They are nevertheless 
referred to as impedances, and it is useful to draw a distinction between the 
diagonal and off diagonal elements by name. The diagonal elements Zj;j are 
called the self impedances of the corresponding meshes. They are the sums 
of the individual circuit impedances taken around a complete loop. The off 
diagonal elements Z;; are called the mutual impedances of loops i and 1. 
They couple electrically the i-th and j-th loops. 


It has been tacitly assumed from the outset that the individual circuit imped- 
ances are passive, linear, and bilateral or that they are made up of coils, con- 
densers,and linear resistors only. As a result every impedance shared by 
two loops looks the same, regardless of from which loop it is viewed, Thus 
the impedance Z3 is the same to both the current 11 and I2. In consequence 
of this fact the matrix of Fquations 3,1 5 symmetric. In terms of the double 
subscript symbols introduced by Equation 3.2 this means that 


21} = 2jj or zt=Z (3.6) 


where Zt is the transpose of Z. 


If some of the inter-mesh impedances included vacuwm valves or transistors 
the above symmetry relation would not hold. 


An inspection of the solution, Equation 3.5,shows that each mesh current is 
made up of a sum of terms, each term including one of the e.m.f.s to the 
first power. This means that each e.m.f.contributes independently towards 
the currentina given loop. The phenomenon is called the law of superposition 
for passive linear networks, since a loop current is generated by a super- 
position of the effects of all the e.m.f.s in the circuit. 


As a further example of the convenience of the matrix form of circuit equa- 
tions we prove the theorem of reciprocity. This applies to the network of 
Fig.3.1 with only one generator present. Assuming at first that Εἰ = E3 = 0 
and ΕἸ = V we find the current in mesh 2 from Equation 3.5 


[2.2] : 
I, =— 22 y 
Bn tah 


(3.7) 


Next we remove the generator V from loop 1, insert it into loop 2,and cal- 
culate the current in loop 1. Putting E1 = ΕΞ = 0 and E2 = V into Equation 
3.5 we obtain 
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; _ 1Z3! 
1 SS _ ———— 
Z| (3.8) 


It is proved at length in Section 2.18, that the adjoint, and therefore the reci- 
procal,of a symmetric matrix is itself symmetric. Hence the coefficients in 
Equations 3.7 and 3.8 are equal, since they are the appropriate elements of 
the reciprocal of the symmetric matrix Z. As a result the currents Ie and 
I;, flowing in response to the generator V, placed first in loop 1 and then in 
loop 2,are equal. This is the theorem of reciprocity, proved for loops 1 and 
2. A similar proof can be formulated for each pair of meshes of the circuit, 
and in every case the argument hinges on the symmetry of the circuit matrix 
Z and its reciprocal 2. 


Since the reciprocity theorem depends on the symmetry of the impedance 
matrix Z,it does nol apply to circuits containing valves or transistors. 


So far matrix methods have been applied to a comparatively simple circuit 
consisting of three meshes only. The main advantage of matrix algebra lies 
in the fact that it makes possible a clear and simple formulation of perfectly 
general problems. To illustrate this advantage we now write down the equa- 
tions of a general network of n meshes. Direct application of Kirchoff's Laws 
yields n equations having the form of Equations 3.1. The sums of individual 
impedances that make up the coefficients of this system of linear equations 
are replaced by symbols with double subscripts as in Equation 3.2. Asa 
result the circuit equations can be written in the following form: 


Zirh ὁ Ζ4γ0 0 tec + Zin ἴῃ = Ey 
Zoi1, + Zag ἴ ὉΠ τ + Zon ἴῃ = Ep 
Zni ἢ + Ζῃῃ ἴω ἘΠ" + Znn In = En (3.9) 


211 Z10 oe Zin I, = Ey 

Zo} Zoo ee [ὶ Zon Io E2 

Zn “n2 2nn In En | (3. 10) 
ZI=E 


The constants E; on the right hand side are vector sums of e.m.f.s taken 

round respective loops,the unknowns I; are loop currents,the diagonal ele- 
ments of the matrix Z are self impedances of the loops, and the off diagonal 
elements are mutual impedances between the loops. The impedance matrix 


66 MATRIX ALGEBRA 


Z of the circuit is symmetric for networks containing passive resistors, 
coils,and condensers only. Whenever valves or transistors are included the 
matrix 7 is not symmetric. 


It should be noted that in this chapter the symbol / is always used to denote a 
column vector of currents and not the unit matrix, The latter will be denoted 
by the symbol U’. 


The solution of Equation 3.10 is 


I= ΖΕ (3.11) 
Written out fully in the form analogous to Equations 3.5 this is 
Il} = 5 [Ζ11} 1 + [Ζ2}| 2 + τ τ." + |ZnilEn 
Ig [Ζ1 2 Ε1 + |Zo2|E2 + τ." + |Zn2lEn 
In ZinlE1 + |Zon|Ez + τ" + |ZpnlEn 


(3, 12) 


Equation 3.12 can be made the basis for proving circuit theorems by an 
extension of the methods used above to demonstrate superposition and reci- 
procity for the network of Fig.3.1. 


3.2 THE ADMITTANCE PARAMETERS OF TWO-PORT NETWORKS 


In many situations it is unnecessary to know the internal structure of a cir- 
cuit in detail. It may be sufficient to replace a complicated network by a 
‘black box’ leaving two pairs of terminals accessible for the insertion of 
generators, loads,or measuring instruments. Such a simplified circuit is 
then termed a four lerminal network or two-port network. 


To begin with let us consider the passive circuit of Fig.3.1 with the genera- 
tor E, removed. Loops 1 and 2 are singled out for attention as the two 
accessible ports to which generators are connected. For convenience the 
circuit is redrawn as shown in Fig.3.2. 


The generators in loops 1 and 2 have been renamed V, and V, to conform 
with the notation used in connection with two-port networks. As we are 
interested in the terminal loops only, we pick out of Equation 3.5 of the pre- 
ceding section the expressions for the currents I, and 1.. 


— [Ζ11] γ ἢ ᾿Ζ51) V> 
|Z | |Z | 


τ ον, + /eal y, 
|Z | |Z | (3.13? 
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The coefficients in this pair of equations can be obtained from the impedance 
matrix of the circuit. However,in practical cases this would be cumbersome, 
and it will be explained below that they can be found by a simple measure- 
ment. As they have the dimensions of admittance, it is customary to replace 
them by single letter symbols with double subscripts,as follows: 


ΟῚ, IZail _y 
\2Z| |Z | 
[Ζ13] —y, | 22] ον 
ΙΖ] ΙΖ] (3.14) 


The coefficients defined by Equations 3.14 are called the admillance para- 
melers or y-pavameters of a two-port network, It should be noted that the 
double subscripts do not all agree. This is so because the |Z,.| and |Z.,| 
are transposed cofactors used in the formation of the reciprocal matrix 
Z~-\, whereas the symbols y,, and y, are defined to form a new matrix. 
Equations 3,13 can now be rewritten in matrix form using the new symbols. 


r=Y¥V 


I, [ΞΞ] γι. 512 ™ 
Ie] [L¥21 Ya2]| Ve (3.15) 
In full 


I, =¥11 Vi + Yiz2 Vo 


In = Yai Vi + Yoo Vo (3.16) 
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The y-parameters defined above specify completely the electrical charac- 
teristics of the circuit of Fig.3.2 as far as the currents and voltages in the 
ports of the network are concerned. Given their (complex) numerical values 
it is possible to work out the currents flowing in the terminal loops in res- 
ponse to the voltages V, and Vy, without any detailed knowledge of the inter- 
nal structure of the circuit. For this reason it is customary to replace the 
network by a ‘black box' as shown in Fig.3.3. 


I, -----ο--- se l, 
“| 


Fig. 3.3 


Although the foregoing results have been obtained for the simple circuit of 
Figs.3.1 and 3,2,they apply to the general network of ἢ meshes discussed at 
the end of the preceding section. Using an analogous argument we apply 
e.m.f.s V, and V, to the general circuit and extract the expressions for the 
currents in loops 1 and 2 from Equation 3.12. These are of the same form 
as Equation 3.13. Hence any circuit, considered as a two port network, is 
fully specified by four admittance parameters, and can be replaced by the 
"black box' of Fig.3.3. 


Let us next consider the procedure whereby the y-parameters can be mea- 
sured or calculated directly for simple circuits, At first loop 2, or the out- 
put loop, is short circuited so that V. = 0. In this case Equations 3.16 
reduce to the simple forms 


I, =¥i1 V, 
In = Yo, Vy (3.37) 


Alternatively we can write 


I 
711 = (8) 
1/V,=0 


I 
Y21 = (3) (3.18) 
1 ψωῳ" 0 


Hence y,, is the ratio of the current and voltage in the input ἸοΟΡρ, ΟΣ loop 1, 
while the output port is short circuited. Similarly y., is the ratio of the 
current in the output port to the voltage in the input port, while the output is 
short circuited. These facts suggest that y,, should be termed the shori cir- 
cuit input admittance of the ‘black box' and yy, the short circuit transfer 
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admiltance between ports 2 and 1. The remaining two parameters are found 
in a similar way, but with the input port shortcircuited. For V, = 0 we find 


I I 
Yizg= (3) Y22= (8) (3. 19) 
2 ν) "πῇ 2 Vv, 70 


These parameters are called the short circuil transfer admittance between 
ports 1 and 2 and the short circuit oulput admittance respectively. 


As an application of the concepts introduced above we discuss some 
examples, 


The circuit of Fig.3.4 has the shape of the letter 7 and is therefore called a 
7-network. Its admittance parameters are easily found by the method of 
short circuiting ‘he output and input terminals in turn. Having short cir- 
cuited the output port we find the currents I, and 1, flowing in response to 
the input voltage V,. 


Fig. 3.4 Y=] γυ} γ12 | =| Y¥1 + Yo Y2 
Yai Y22 | Yo Yo + Y3 


The circuit now appears as in Fig.3.5. It is seen that 


Fig.3.5 


I, = (¥, + YQ) Vi =¥iiV, 
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and Yo, = Yo (3.21) 


Next the input terminals of the 7-network are short circuited and the 
currents due to the voltage V. in loop 2 are calculated with the help of Fig. 
3.6. 


Fig. 3.6 


The remaining two y-parameters are 


(8 = τ "Ye (3. 22) 


Collecting the above results we can write down in full the matrix of y- 
parameters for the network of Fig.3.4. 


Y=/ Yir Yio |=| Yi + Yo Yo 
Yai Yaz Yo Yot ¥3_ (3. 23) 


It is instructive to obtain the matrix on the right of Equation 3.23 by the 
alternative method explained at the beginning of this section. To do so the 
impedance matrix of the 7-network considered as a 3-mesh circuit must 
first be written down. By following the procedure outlined at the opening of 
the present chapter the reader will satisfy himself that this is of the form 


Z11 212 213 |=] Z, 0 —Z, =Z 
Zo1 222 Z23 G &3 —Z3 
Z31 Zs2e 233 —Z, —Z3 21 + Zo + Zs 


For convenience impedances have been written for the circuit elements of 
Fig.3.4. To find the y-parameters from Equations 3.14, the determinant 
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and some of the cofactors of the above matrix are required. Expanding the 
determinant |Z! in terms of the elements of the first row and their cofactors 
we find 


Z| = 2, | Ζ441-- Zyl Zagl = 2, (IZaal — [Ζ.9|) 
The following five cofactors are needed: 

\Zo1| = 23 Ζ3 = |Z 19) 

\Zoo| = 21 \Z2 + Zs 


|Z43| = 2) Zs 
Hence 


and the desired y-parameters are 


ΙΖιι 1.1 
y = —+—= ¥ + Yo 
Pr hal Z, Z, + 
- =—=Y 
712 | Z| Z2 
Z12 
Yoi = =Vi2=Y 
21 Z| 12 2 
|Z 1 | 
Yoo = 221 —-—+—-=Y,+ Yo 


These results agree with Equation 3.23. It is clear that the above calcula- 
tion is much more cumbersome than the method of short circuiting the ports 
of the network in turn. 

A particularly important type of 7-network is obtained when Y, = Y, in 
Fig.3,4, The matrix of such a network is 


Yo ey 4:7 Q | (3.24) 


Our next example is extremely simple. It consists of a single admittance 
connected in series between the input and output ports as shown in Fig.3.7. 
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Its y-parameters are easily written down using the short circuiting tech- 
nique and noting that I, =I, always. 


(3.25) 


(a) =(2) «τον 
V2/y,-0 V2 Vv, =0 


One equation is sufficient to describe this circuit: 


1, = ¥(Vi + Vo) 


It can be written down immediately by applying Kirchoff's Laws, Neverthe- 
less, we shall find it advantageous in some problems to use the full matrix 
found above. 


It may be instructive to note that the matrix of the network of Fig. 8, 7 can 
be obtained as a limiting case of the 7-network. Putting Y, = Y, = 0 in 
Equation 3.23 and redefining Y. = Y, Equation 3,25 results. 


By reference to Equation 3,23 the Y matrix of the 7-network can be seen 

to be symmetric. This observation applies to the admittance parameters of 
all two-port networks made up of passive bilateral circuit elements, The 
general fact follows from Equations 3.14, since the y-parameters are equal 
to the elements of the reciprocal matrix Z~1, which was shown to be symmet- 
ric in Section 3.1, The Y matrix is not symmetric for two port networks 

that include active or unilateral elements such as valves or transistors. 


| 
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3.3 THE IMPEDANCE PARAMETERS OF TWO-PORT NETWORKS 


In the foregoing section the currents in the terminal loops of a two-port net- 
work have been expressed in terms of the terminal voltages with the help of 
the admittance parameters. This development followed naturally from the 
formulation of the mesh equations of a circuit in Section 3.1. In many prac- 
tical problems the position is reversed in that it is necessary to have the 
voltages expressed as linear functions of the currents. Relations applicable 
in such situations are obtained by treating V 1 and V, as unknowns in Equa- 
tion 3, 15 and solving them, 


V=y- 7 


1 
|} Vi |= iy|| 522 —Ya2 I, 
Vo 81: ¥2z4 it ἴω 


In plain algebraic form the above equations are 


(3. 26) 


The coefficients have the dimensions of impedance and are therefore called 
the impedance parameters or z-paraméters of a two-port network, They are 
usually denoted by lower index letters with double subscripts, by analogy with 
the y-parameters, 


422 Y12 

iv) 1a Ιγ 212 

721 Υ11 | 
ca γ] = £91) ly! = 492 (3. 27) 


The subscripts of the y-parameters and z-parameters do not agree because 
the latter are defined to form a new matrix. Equation 3, 26 can now be re- 
written in terms of the new matrix as follows: 


Va |=] 223: Ζ12 |] ti 
V2 Z21 Zoe || lo 
V = Z] 


The symbol 7 used here should be carefully distinguished from the same 
symbol used in Section 3.1. There it stood for the self and mutual 


(3. 28) 


G 
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impedances of the individual circuit loops, whereas here it represents the matrix 
of impedance parameters of a two port network. The latter are related to the 
individual zircuit impedances in a complicated way, which can be traced 

back through Equations 3, 14 and 3, 27. 


The parameters Z,, and Ζ..0 are called the open circuit input and output 
impedances of a two-port network, respectively. The parameters z,. and Zo4 


are the open circuil lransfer impendances. These names are analogous to those 


used in connection with the y-parameters in the preceding section, To obtain 
the z-parameters the ports of a network are open circuited in turn, Starting 
with the output port we have I, = 0, whence Equation 3, 28 simplifies to the 
expressions 


me BS (3, 29) 
ca’ ( 


Fig.3.8 


Open circuiting the input port I, = 0 and we are led to the relations 


ἀν V2 (3, 30) 
= I2 1,=0 


Let us now calculate the z-parameters of some specific circuits, Arranging 
three impedances in the form of the letter T we obtain the T-network of 
Fig. 3.9. Leaving the output terminals open circuited we find the relations 
between the current in loop 1 and the input and output voltages as defined 

by Equations 3.29 above. 
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221 =(~2 =—Z2 
1,50 


ΖΞ) 211 212} [Ξ]|] 21. Ἐ 2) —Ze 
Fig. 3.9 Z21 222 —Z2 43 + 2 


The results are summarised by the matrix in Fig. 3.9. 


The negative sign takes account of the assumed polarity of ἡ which is oppo- 
site to the voltage across the impedance Z., when the current I, flows through 
it in the direction shown. In symbols V, = —Z,I,. Performing the same cal- 
culation with the input open circuited we find. 
21} 5 Ce) =—Zo Z22 = (32) = Z3 + 22 
Iz); 1=0 12/1, -0 


When Z, = Z, the matrix of the T-network simplifies to the form 


Zi, tZg S32 
—Zo Z1+ Ze (3. 31) 


Two impedances arranged in the form of an inverted letter L provide our 
next example, The z-parameters of the L-network are easily calculated 
using the open circuiting procedure. Referring to Fig. 3.10 we find 


21} = 21 + 2g, 212 =—Ze 
a 


Zag = Zo 


291 = 


“is Z=|Z,+ Ze —Ze 
Fig. 3.10 —Ze Ze 


— 7 
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Finally we consider a network consisting of a single impedance, coupling the 
input and output ports. Working through the open circuiting procedure the 
reader will satisfy himself that its impedance parameters are as shown in 
Fig. 3,11. Written out in full the four terminal network equations of this 
circuit are 


i =| z—zili | 
V2 — vA ΡῈ (3 32) 


Vi =2(h; —I,) 


Vo = Ζίι; — 11) 


Fis, 3.1] 


The last form can be obtained immediately on applying Kirchoff's Current 
Law to the circuit of Fig, 3.11. 


In some problems the y-parameters of a two-port network are already known, 
but the z-parameters are required, In such cases Equations 3,27 can be used 
to evaluate the impedance matrix. To illustrate this possibility let us check 
that the Z matrix of the L-network is as given in Fig, 3. 10, by first finding | 
its admittance parameters and then using the relation Z = Y~1, Applying 

the short circuiting procedure we obtain | 


Ι 1 
¥o1 = (#2) = 7. = Yi (since I» = I) 
1J/y,.9 ©2 
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Hence the Y matrix of the L-network is 


Y= Yq 4 
Yi, Y¥i+Y2 (3. 33) 


and its determinant [Ὁ] = Y, Y,. It only remains to form the adjoint of Equa- 
tion 3,33 and multiply it by 
to obtain the final result. 


adjY =) ia Yo went’ 
- ἢ Yi 


Yis raid = be + Ze mil =Z 


—o ΖΦ, | 


ΤῈ amc is equivalent to using Equations 3.27, 


The result agrees with Fig. 3. 10. 


It will be realised that the foregoing method can be applied in reverse. Given 
the impedance parameters of a network the Y matrix can be obtained by work- 
ing out the reciprocal Z~1, instead of using the short circuiting procedure. 


In all the examples the matrices of z-parameters can be seen to be symme- 
tric. The observation applies to the Z matrices of all two-port networks com- 
posed of passive circuit elements. To prove this statement in general we 
refer back to Equations 3.27, which define the impedance parameters in 
terms of the y-parameters, Since it was shown in the preceding section 

that the latter form a symmetric matrix, it follows that the zjj are also sym- 
metric. The matrices of networks containing valves or transistors or other 
unilateral elements, such as ferrite isolators, are not symmetric. 


The matrices of some of the circuits discussed above display an additional 
regularity in their structure. The diagonal elements of the matrices of 
Figs.3.7 and 3.11 are equal, The same applies to the matrices in Equation 
3.24 and 3.31 of the symmetric m- and T-networks. The networks are said 
to be symmetric because they look the same whether viewed from the input 
or output end, The last remark provides an explanation of the phenomenon, 
Since the diagonal elements are terminal impedances and admittances, they 
must be equal for both the input and output ports of all networks which are 
symmetric. 


3.4 THE GENERAL CIRCUIT CONSTANTS 


So far we have considered two-port network parameters relating terminal 
voltages to currents. They were naturally called impedance and admittance 
parameters. In many practical problems it is necessary to group the termi- 
nal electrical quantities V,,V»,1,,1, in ways different from those discussed 
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in the preceding sections, One of the most important arrangements is to 
have the input quantities V,,I, on one side of a pair of equations and the out- 
put quantities V.,I1, on the other. The required relations are obtained by 
solving the second of Equations 3. 16 for V,, andthen substituting into the first. 


πατεῖν, +24, 
721 
ΤΠ τῷ (.. 4 Vii t22 y 4 Yily, 
Y2i 721 (3, 34) 


The complicated coefficients in this pair of equations are next replaced by 
single letter symbols, and the equations themselves are rewritten in the 
following form: 


V, =—AV2 + BI, = AV,’ + BI, 
I, =—CV, + Dil, =CV, + DI, 


el Le oll al Le allt | ie 


The negative sign used with V. implies a change in the assumed polarity of 
the output voltage, which is explained by Fig. 3.12. The change of sign con- 
vention is made for reasons which will become apparent in the section deal- 
ing with cascade connections of four terminal networks. 


The coefficients A, B,C, D are called the general circuit constants, They 

express the voltage and current at the input of a four terminal network as 
a linear transformation of the voltage and current at the output, We agree 
to write Equations 3,35, using single letter matrix symbols, in the form 


W, = AW, (3. 36) 


W, and W. are column vectors of input and output electrical quantities, and 
A will be referred to briefly asthe A— matrix οὗ atwo-port network. Although 


ἷ; 


| v,'(= -V;) 


Modified sign convention 
Original sign convention Fig. 3.12 used with A, B,C, ἢ 
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we shall use the older notation A, B, C, D for the general circuit constants, 
it should be noted that the proper matrix notation 


A=] 8ἃ11 812 
821 85) 2 


is used more and more often at present, 


The general circuit constants can be expressed in terms of the y-parameters 
using Equations 3, 34 and 3.35, The latter are in turn defined in terms of the 
basic impedance elements of a circuit by Equations 3.14 Although the A— 
matrix can be found by carrying out this two-stage calculation, in most cases 
the procedure would prove cumbersome, It is preferable to apply again the 
method of open circuiting or short circuiting the ports, which proved so con- 
venient in the evaluation of the y- and z- parameters. Open circuiting the 
output I, = 0, and the constants A and C are easily found; short circuiting 

it V¥. = 0, and B and D are obtained, 


Υ 2 1.50 Ip V2! πὸ 
Va J1,-0 2} vr=0 (3. 37) 


It should be noted that in the present case we look into the input port all the 
time while alternately short circuiting and open circuiting the output termi- 
nals, The general circuit constants are a mixture of short circuit and open 
circuit parameters, in contrast to the short circuit y-parameters and open 
circuit z-parameters, The physical significance of the A matrix is there- 
fore not so clear, although it is worth noting that the constant A is an open 
circuit voltage ratio, It can be identified with the amplification factor of a 
vacuum valve and the voltage transformation ratio of an ideal transformer. 


Some examples of circuits and their A matrices will next be given. First 
the series impedance of Fig. 3.7. Applying Equations 3, 37 and remembering 
that V,’ = —V, it is found that 


A=1 since V, = Viv 
B=2Z since lL =I,, 
C=0 since I, =I, = 0, 
D=1 since lL =]. 
Hence the equations relating the input and output of this network are 


vi j=[1 z][ νῷ 
i ἃ 24k ἢ, (3. 38) 
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Next let us write down the A-matrix of the shunt element of Fig. 3.11. 


A=1 since V, =Vj, 


B = 0 since on short circuit a finite voltage V, will cause an infinite 
current I, =I, 


C=Y since V, =Vj, 


D= 1 since I, = I, on short circuit. 


Hence the equations are 


Vi /=]1 0|| v2’ 
ly Schad ἢ (3, 39) 


An instructive example of the general circuit constants of a two-port net- 
work is provided by the ideal transformer of Fig. 3.13. On open circuit the 
terminal voltage ratio equals the turns ratio, 


o Sle 


Fig. 3.13 


On short circuit the current ratio equals the reciprocal of the turns ratio, 


D= (12) =n 
I ν." "ὁ 


Still on short circuit, there will be an infinite current in the secondary, ΟΥ̓ 
output port, of the transformer in response to a finite voltage applied to the 
primary. Hence 

Β ῦ 


With the secondary open circuited no current flows in the primary winding 
of an ideal transformer, hence 


c=0 
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The results are collected in the matrix of Fig. 3.13, and the equations con- 
necting the input and output of an ideal transformer are 


| “ri ι. 
ms 0 nJL le (3. 40) 
ivy: 
γ. Ξ τ Vo 
I,=nl, 


The transformer applies a linear transformation between its terminal volt- 
ages and currents,as represented by Equations 3, 40. 


Our final example of general circuit constants is taken from transmission 
line theory. We recall that the voltages and currents at two points of a 
transmission line are related by the equations 


V, = V,'coshyl + I,Z, sinh yl 
I, = Ὗς sinhyl + I, cosh yl (3. 41) 
where 
1 = length of line under consideration; 
y = propagation constant of line; 


Zo == = characteristic impedance of line 
0 


Fig. 3.14 


The length of line shown in Fig. 3. 14 is a type of two-port network, its equa- 
tions expressed in terms of the general circuit constants being given by 
Equations 3, 41, Rewriting Equations 3, 41 in matrix form we find 


Vi [Ξ] coshyl Zosinhyl || V2’ 
i Yo Sinh yl_ cosh 71 Ip (3. 42) 
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In many problems it is more convenient to characterise a section of line by 
its electrical length, @ = 1, rather than by the propagation constant and 
physical length separately. In such cases the A matrix is 


A Bl=]| cosh@ Zgsinh@ 

σ D Yo Sinh@ cosh @ (3, 43) 
It should be noted that the change of sign convention regarding the output 
voltage, which was made at the opening of this section, is appropriate to 


transmission line problems. Equations 3.41 are always written using this 
convention, 


50 far.we have introduced the equations expressing the input electrical 
quantities of a two-port network as linear functions of the output quantities. 
There are occasions when it is desirable to reverse the position by solving 
Equations 3.35 for the latter. In matrix form the solution is 


a Ee 
i —¢ AllL (3. 44) 


For passive networks, consisting exclusively of bilateral circuit elements, 
Equations 3.44 assume a particularly simple form since |A| = 1. To prove 
this we refer back to Equations 3, 34, which define the A matrix in terms of 
the y-parameters, and recall from Section 3.2 that the latter are symmetric. 
Hence 


1 


a ¥22 1 
521 eet 
| ΠΥ δι + ¥11 Yeo Yi1 


| 2 
a (:) 322 1 
21 You? + Yii Υ22 Yu 


=1 


ΙΑ] = 


The second line follows from rule 4 for determinants (see Section 2, 13), since 


both columns or rows are multiplied by the factor 1/y,,. Hence for bilateral 
networks 


Awl A Bland Αἴ ἢ) -8 
Cc Dl. wt) ἃ (3, 45) 


The A matrix of the transmission line, Equation 3. 43, affords a particularly 
good example of this relation, but the reader will, no doubt, check it for the 
remaining circuits discussed above, 
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The reciprocal matrix ΑΤἹ is frequently denoted by 


A-*=B=| bi 15 
ber bee | 


3.5 THE h- AND g- PARAMETERS OF TWO-PORT NETWORKS 


The terminal electrical quantities of a two-port network have been grouped 
in pairs in 4 different ways so far. Two more possibilities remain to be con- 
sidered, At first we express the input voltage V, and output current I, as a 
linear transformation of I, and V, and then we reverse the position. Taking 
as the starting point Equations 3.35 we manipulate them until V, and I, 
appear on the left hand side. Elementary manipulations instead of matrix 
algebra must be used, since each equation must be rearranged separately. 
Matrix methods can only be used when complete systems of linear equations 
are to be handled. 


V,=<]+—> 


ΒΞ ee 1 Cc d 


Substituting new symbols with double subscripts for the coefficients in Equa- 
tions 3. 46, the latter can be rewritten in the form 


νὰ |=] Daa Dye I, 
| Te her hoo} | Vo_ 
ν, =hy,], + hyoV,’ 


To’ = hoy], Ἔ Προ, (3. 47) 


The assumed direction of the output current has been reversed to conform 
with conventions usually followed in textbooks on transistors and vacuum 
valves, The new convention is summarised in Fig.3.15. The matrix of 
h-parameters, introduced by Equations 3.47, will be denoted by Handits deter - 
minant by [ΠΗ]. 


1,'(=-1,) 


V,'(=-V2) 


Original sign convention Fig.3.15 Modified sign convenlion 
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The h-parameters may be measured or calculated directly for a two-port 
network by the method of judicious shortcircuiting and opencircuiting of 
terminals, used successfully before. The form of Equations 3.47 suggests 
that the output be shortcircuited to obtain h,, and h,,, and that the input be 
opencircuited to obtain Nis and Ngo . 


V V 
ἢ11 -(} ᾿ ma = (5) 
Ti/y,r 0 Ve 1,=0 


I,’ Io 
be = (2) hee = (5) 
“: Ty vi'=0 V2 ΠῚ (3, 48) 


It is found that the above procedure is particularly suited to measurements 
on transistors, and it is for this reason that transistor characteristics are 
often stated in terms of h-parameters, The parameter h,, is the current 
gain of a transistor, The foregoing remarks apply to transistors operated 
under linear conditions only. 

Before considering some examples of h-parameters, it is profitable to 
observe that h,, =—h,, for passive bilateral circuits. This follows from 
the fact, established in the preceding section, that [4 = 1 for such circuits, 


Let us now find the h-parameters for the L-network of Fig.3.16. From 
Equations 3, 48 we find 


2γ25 
20 Searoges 

21 ὁ 2; 
ἐν ὦ l 
ii Z,* Zs 


Ip’ Ζ1 7 
hio= ----- 2 --Σ- Σ-- = ——_ = -- 
+5 (τ (21 + ὌΝ Zy + 22 Ἶ 


Fig. 3.16 
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‘The last.line follows because we assume the impedances in Fig. 3.16 to be 
passive and bilateral. 


The sixth and last possible set of four terminal network parameters is 
obtained on solving Equations 3, 47 for the quantities 1, and V, . Since they 
are usually denoted by the symbols (gij] = G, they are called the »-para- 
meters of two-port networks, 


1 32 
Ι. |= al Neg —Ays Vy 
V2 | he, Ay [ς΄ 
i, |= $11 S12 V; 
V2 Sai = Baz || le (3, 49) 


The opencircuiting and shortcircuiting routine yields the following relations 
for the g-parameters: 


I I 
811 = (: ἢ 512 ΞΞ (1s) , 


21 ΞΞ : 22~\7, 7 , : 
Vi 1." Ξῷ Vo V,=0 (3, 50) 


The off diagonal elements satisfy the relation 61. =—p, for passive cir- 
cuits,as can be seen from their relation to the h-parameters. 


As an example the g-parameters for the circuit of Fig. 3.16 are 


ames 
11 Z,’ 
S20 = 4a, 


Go, Ξ 1 Ξ --δ 12. 


It is instructive to check this result against the reciprocal matrix H™! of 

the same network, The determinant of H is 

Z. 

als —— 
= Bote 


The above g-parameters now follow from Equations 3,49. The results are 
summarised in Fig. 3. 16 


3.6 SUMMARY OF TWO-PORT NETWORK RELATIONS 


Four electrical quantities appear at the terminals of a two-port network: 
V,,1,, ὼν 12. In the preceding sections various ways of expressing two of 


86 MATRIX ALGEBRA 


these quantities in terms of the others have been introduced. In the present 
section all possible sets of equations are collected, and relations between the 
two-port network parameters are tabulated for convenient reference, 


Since there are four quantities, we expect six sets of equations, because there 
are altogether six ways of choosing two objects out of a group of four. 
Y-matrix: 


Ij |=] Yar Yiz γε [" 
Tp Yai Y22 Ve 

Zii 212 11! 
Ζ21 Zoo ᾿| ἴω 


Pee: 

on 

| J =. 
Ι! 


A-matrix: 
i =| A J ἐπὶ Ξ - ay | a 
Ty Cc D Ip 821 age Ip 
B-matrix: | : | 


—Vo |=] Pia Bio ||] Vi 

Tae bei Dee I, 
Ι Vi |=] ἢ} hye I, |; 
hy hear hee || —-Ve 
G-matrix: 


I, [|Ξ] 811 @12 Vil, 
—V»y 21 822] --ἴῶ 


The sign convention used in this summary is defined by Fig. 8, 17. To avoid 
the use of negative signs in the column vectors of electrical quantities, primes 
may be used as shown in the figure, 


F | : I, (=-1,") 


Fig.3.17 
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It is useful to express each matrix in terms of all the others and to tabulate 
the results as in Table 3.1. Some of the matrices are reciprocals of others- 
this is also indicated in the table. To acquire familiarity the reader should 
work through the table, checking systematically all the entries. 


The determinants of two-port network matrices enter into many calculations, 
For easy reference Table 3.2 gives the determinants in terms of the ele- 
ments of the remaining matrices. 


The foregoing summary applies to all lineavy networks without any additional 
restrictions, The matrices possess a number of special properties mainly 
symmetry properties, in the case of circuits composed exclusively of passive 
bilateral impedance elements, The special properties are listed below. 


1. The admittance matrix is symmetric (see p. 72) 
yt=Y or Vij = Yiji- 

2, The impedance matrix is symmetric (see p. 77) 
z'=Zor 21] = Zji- 

3, Lhe dbioesinank of the A - matrix and its reciprocal equals unity (see p.82) 
|A| = |A™*| = [2] = 1. 

4. For the H- and G-matrices it was established that 


Nig =—Noy, S12 =—Be1- 


The last property should not be confused with antisymmetry of square mat- 
trices. On reference to page 43 it will be recalled that the diagonal ele- 
ments of symmetric matrices are zero, which is not the case with H- and 
G-matrices. 


The above list of special properties should be used to simplify the relations 
tabulated in Tables 3.1 and 3, 2, whenever these are applied to passive bi- 
lateral networks. 


Further restrictions on the generality of networks result in additional sim- 
plication of their matrices. Symmetric two-port networks are a case worth 
noting. 


1. The diagonal elements of the Y, 2,A,B matrices are equal (see p. 77) 
Vr1 = Yoo. 244 =2Zgq, A=D, 1: = Dgo. 
2, The determinants of the Η and G matrices are equal to unity 


ΙΗ] =1, [6] Ξ 1. 
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Before the subject of two-port network parameters is closed,a word of com- 
ment on sign conventions is called for. In the present treatment the matrices 
have been introduced using a sign convention that follows naturally from the 
basic mesh equations of a general circuit. The convention was then changed 
by stages to follow accepted practice in connection with the general circuit 
constants andthe h- andg-parameters. The y- andz-parameters are sometimes 
defined in relation to sign conventions other than the one used above, The 


Table 3.1 


In terms of 


Ι γι: 512 
521 725 
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nett effect of such changes is to alter the sign of some of the matrix elements, 
To avoid confusion the reader is advised to watch for these differences when 
reading other books or papers. 


Whenever general circuit constants or mixed parameters are used in practi- 
cal problems, it may prove tiresome to have to write primes repeatedly 
above the output voltage or current, They can be omitted, of course, provided 
it is remembered what sign convention is actually used. 


Table 3.1 (continuation) 


In terms of 
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Table 3.2 


In terms of 
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3.7 CASCADE CONNECTIONS OF TWO-PORT NETWORKS 


The advantages of the matrix form of two-port network equations become 
apparent when two or more networks are interconnected, There are 5 ways 
of connecting two-port networks: 


1, cascade, 

2. parallel, 

3. series, 

4, series-parallel, mixel connections. 
5, parallel-series, 


Each connection is most conveniently handled by one of the two-port net- 
work matrices, as will be explained in this and the following two sections. 


Starting with the cascade connection, let us write down the equations of the 
two separate networks shown in Fig. 3. 18, which is a reproduction of Fig. 1.3 
of Chapter 1. 


v, }=fa™ Bo] [ ve’ W, = AOw. 
| : 7 . 
Ii cts? 95}: Ip mee 
Vo’ | =| Af?) Bl) V3 Wy = AGw. 
; anal ig, 3 (3. 52) 


We observe that the column vector on the left hand side of Equations 3, 52 
is identical with the column vector on the right hand side of Equations 3, 51. 
This is inherent in the method of connection and is made obvious by the 
assumed polarity of the terminal voltages and currents. Substituting Equa- 
tions 3. 52 into Equations 3.51 we obtain 


W, =A‘SYP AW, = AW (3, 53) 
Equation 3, 53 relates the input and output of the combined two-port network 


of Fig. 3.18, The A-matrix of the combined network is the product of the 
A-matrices of the individual networks. 


I; 
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As an application of the foregoing result let us work out the A-matrix of the 
L-network of Fig. 3.19, which is the same as the one shown in Fig. 3, 10, 
except for the marking of the output voltage and current. The latter is now 
chosen to agree with the symbols of Fig, 3,18. The L-network is a cascade 


The process of cascading two-port networks applies to any number of net- 
works beyond two. In every case the matrix of general circuit constants for 
the resulting network is the product of individual matrices, 


As an example of this procedure we build up a T-network from a series 
impedance followed by a shunt admittance and followed again by a series 
impedance, The A-matrix of the T-network, found in this way, is 


A=l1 Zz. ΠῚ O|]1 Zs: 
Ot |} Ys 1 0 1 
a! | : . = + 21 Yo δ] : = 

Fig. 3.19 Yo 1 0 1 


connection of the series impedance Z, and the shunt admittance Y,, whose = ἢ +Z,Y2 Ζ21 + 25(1 2. Ἢ iS. 06) 


A-matrices have been found in the section on general circuit constants, Yo YoZ3 +1 
Equations 3, 38 and 3, 39, 
τ wi ) A 7-network may be similarly built up from a series element flanked by 
A” = ; ἊΝ AM’ = 1 d two shunt elements, Its A-matrix is 


01 ἣ 1 


| ; ΓΙ, ΙΓ Ae i ee 
pers e ἕ ᾿ ἡ ἢ + Z1Yo ἢ Yo Lille 2 divs 1 
0 1 Piv¥e. 1 Yo 1 3 54) 
(3. 54) mii Ol 24Za¥s Za 
where L“?? is the matrix of the circuit shown in Fig, 3. 19. ¥; Y;; 1 
Reversing the sequence of the shunt and series elements of Fig. 3.19 we : 
obtain another L-network, this time like the one of Fig. 3.16. Its matrix is = 1+ Z2Yx Zz | 
found by multiplying A‘?’ and A“? in reverse order. Denoting the product Y3 + Y,(1 + ZoY3) YZ. +1 (3. 57) 
by 1,2) we obtain 
L'2) =AlqaQ)=/ 4 9 1 Zz, l/=/1 Za In working out the Equations 3.56 and 3, 57, Equation 3.54 was used to save 
| labour, The circuit elements are labelled as in Figs. 3.9 and 3. 4, except 
¥o 1110 2 Ὗς 2, ¥o. 4:2 (3, 55) that shunt elements are written as admittances and series elements as 


᾿ ng ene As impedances to avoid fractional expressions. 
5 cou e expected from the non-commutative law of matrix ltiplicati | ᾿ 
ΧΡ trix multiplication The foregoing methods prove useful when dealing with obstacles inserted in 


L‘)) # L@) waveguides or transmission lines for matching or filtering purposes. Fig.3.20 
represents a typical situation, A lumped obstacle of shunt susceptance jy 
Since the two L-networks have different electrical characteristics and, there- 18 inserted between ΘΘΟΘΌΠΒ οἱ errs a Laepstenbeniss SOMERS 03 888 Ca. Tie 
fore, different matrices, the above result provides one of the most striking | resulting matrix is given by the following product: 
paysical reasons for the non-commutative law, cosh 91 Zo sinh 91 10 cosh 85 Zo sinh 6, 
The reader should satisfy himself that the matrices in Equations 3, 54 and ‘ : . : 
3,95 are correct, by evaluating them directly from the open and short circuit Yo sinh @, cosh 6, jy 1 Yo Sinh 62 cosh 02 


conditions for the general circuit constants (Section 3. 4). | : ἶ ᾿ ' 
Multiplication and simplification yields the single matrix 
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cosh (6, +@,)+jyZgsinh@,cosh0, Z,[sinh (6, +6,)+jyZ, sinh@, sinhé,] 
Yo sinh (9, +65)+jycosh9,cosh@, cosh(#,+6,)+jyZ,cosh@, sinhé, 


(3.58) 


“ νον a ga gy at 


jy 


ΗΡΝΕΒΕΝΟΎΗΝΕ ἘΕΨΈΕΙΝ 


Fig. 8. 30 


The method of cascading two-port networks may be applied to find the proper- 
ties of a circuit terminated in a load impedance Z) and driven by a generator 
having an internal impedance Zo. The arrangement is shown in Fig. 3, 21. 

The generator impedance and the load are considered to be separate two- 
port networks. In what follows the matrix of the circuit under consideration 
will be written without any identification superscript, e.g. A or Y, while pos- 
sible cascade connections will be marked by superscripts, as shown in fhe 
figure. 


First let us find the voltage ratio V, /V,. Since the load is effectively a 
shunt admittance with its output open circuited, this ratio is equal to the 
reciprocal of the element A‘!? of the matrix A"! (see page 79). Now 


B 


AM =IlA Bi]1 O[=|At+=> Β 
1 | D (3, 59) 
C D Zi 1 |C+ Zi D 
and 
= B ; 
Vi =| A+ 7) Β | Veo 
,D | 
I; C+ 7 D Ip 
where I, = 0 permanently. 
Hence Vo 1V1 = oe iS. 5. 


B+AZ, 


It is convenient to have this ratio expressed in terms of other sets of two- 
port network parameters, besides the general circuit constants. This is done 


ee ee ee 
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Fig. 3.21 


by substituting the appropriate expressions for A and Βα from Table 3,1, All 
possible results are listed in Table 3.3 for reference. 


Next we compute the current ratio I,/1, from the relation 


where V, is related to I, by the element C‘?? of the matrix of Equation 
3.59. Hence 


I, D+ Cz, (3. 61) 


Again this ratio is expressed in terms of all the other two-port network 
parameters and tabulated in Table 3.3. 


In practical problems it is often necessary to know the input and oulput 
impedance of a terminated network, as seen by the generator and load res- 
pectively, The input impedance Zj is effectively the open circuit input 
impedance (see page 74) of the cascade connection A (2), It is the ele- 

ment z,,‘!) of the impedance matrix Ζ (1) Since the matrix A‘*? of this con- 
nection is given by Equation 3, 59, the impedance parameter z,,‘*’ is easily 
found with the help of Table 3, 1, 


ἃ ee ce eed 
ai Ce) δ. CZ) _ 2} (3, 62) 


Equation 3,62 gives the input impedance of the terminated network in terms 
of its general circuit constants and the load Z). The general circuit constants 
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may be replaced by other parameters in the problems for which the latter 
are given explicitly. All possible expressions are tabulated in Table 3, 3, 


The output impedance Z, is best computed through its reciprocal 0. The 
admittance seen by the load is due to the cascade connection of A and Zp, 
with the generator Vg being an effective short circuit. Hence Yq is the short 
circuit admittance γ (2? of the circuit A‘?? shown in Fig. 3, 21, “το obtain it 
we first compute the matrix A‘? and then look up yg.’ in Table 3.1 


(2) — 
A® =!1 Zg||A B/=|A+CZg ΒΈ ΖΕ 
Get ie ert ὁ Db | (8. 63) 


(2) A’ __A+CZ,_y 


Yoo“ RE - 
BY) "». DZ, 


(3. 64) 


The reciprocal of Equation 3, 64, expressed in terms of all the parameters of 
the network A, is listed in Table 3.3. 

As an example of the foregoing formulae we consider an ideal transformer 
feeding power from a generator to a load,as shown in Fig.3,22. By Equa- 
tion 3,60 and Fig. 3, 13 the input and output voltage ratio is equal to the turns 
ratio. 


ef later (3. 65) 


Equation 3.61 checks that the current ratio at the terminals is the reciprocal. 


of the turns ratio. 


Fig. 3.22 


is 


Zj=— Z, (3, 66) 


ΙΝ 
ῳ 
™ 
"ὦ 
“+ 
“ 
ei 
T 


1 + Yo24) 


Yai + |Y|Z) | 


TABLE 3.3. PROPERTIES OF THE TERMINATED TWO-PORT NETWORK 


(see Fig.3.21 for symbols and sign convention.) 
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while its output impedance, as given by the reciprocal of Equation 3, 64, is 


The above properties of the ideal transformer are well known, They are 
usually derived without recourse to matrix algebra, but the reader will, no 
doubt, appreciate the conciseness and lucidity of matrix methods on this 
example, 


3.8 PARALLEL AND SERIES CONNECTIONS OF TWO-PORT NETWORKS 


Having dealt with the problem of cascading two-port networks we pass on to 
the parallel connection, Two four terminal networks are said to be connected 
in parallel if their corresponding terminals are strapped as shown in Fig. 3, 23 
The matrices of the individual networks, Y © and Υ ©), are assumed to be 
known, and the problem is to find the matrix Y of the combined network, 


Observing that the component networks have the same terminal voltages but 
different currents, we write their equations in terms of the y-parameters and 
add them, 


γεγϑα y 
Fig. 3.23 
yoeyiby 
[2 = yay (3, 68) 
yh) 4 702) =f=(y + γα} = ¥V (3, 69) 


--ἰ — =_ .- ee 
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The symbols used in Equations 3, 68 and 3,69 are defined by Fig, 3,23, Equa- 
tion 3.69 is obtained by the rule for the addition of matrices, together with 
the distributive law of matrix algebra (Section 2. 8 and 2.9). 


From Equation 3,69 we conclude that the admittance matrix of a parallel 
connection of two-port networks is the sum of the matrices of individual 
networks. Although Equation 3.69 establishes this rule for two networks 
only, an extension to any number of networks is obvious. The reader should 
not fail to note the close analogy between matrix relations for two-port net- 
works on the one hand, and equations of ordinary admittances in parallel on 
the other, Fig. 1. 10, makes the similarity clear. 


A typical example of networks in parallel is provided by the bridged T- 
circuit, which can be assembled from a T-network and a series impedance, 
as shown in Fig. 3, 24, 


Fig. 3. 24 


The Y-matrix of the series element has been found earlier (Fig. 3,7), but the 
admittance matrix of the T-network must be calculated now, Starting from 
(8, 31) we can obtain the reciprocal of the 7-matrix given there, This is 


(3, 70) 


where [Ζ] = Z,(Z, + 22.) is the determinant of the symmetric T-network, 
Addition of the above matrix to the matrix of Z, yields the admittance mat- 
rix of the bridged T. 


TG 4 εν «ἡ 

+ — i 

Z| Za |Z| “4 
22,1. 2, ἐ2) 1 


Z| Za |Z | Za (3. 71) 
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The next on our list of two-port network connections is the sevies connection 
shown in Fig, 3,25, Writing down the equations of the component networks 
in terms of their impedance matrices we find 


Wild = gil) y 


γ2) -- Ζί2}} (3, 12) 
The foregoing equations can only be written down on the assumption that the 
currents in the corresponding ports of the individual circuits are equal, as 
shown in Fig, 3,25, The assumption is expressed by the condition I, = 0, 
marked in the figure, where I, is a loop current that might conceivably be 

set up in the extra loop created by the series connection. 


Addition of Equations 3.72 yields the required relation between the terminal 
voltages and currents of the combined network, 
γα γῶ τ νε (zi) + Z°2))] = 37 (3, 73) 
Hence the impedance matrix Z of the combined network is seen to be the 
sum of the impedance matrices of the individual networks. Here again we 


find a close analogy between the ordinary algebra of impedances in series 
and the matrix algebra of two-port networks in series. 


Fig.3, 25 


An example of series connected networks is again provided by the bridged 
T, which can be decomposed into a shunt impedance and a 7-network, as 
shown in Fig. 3.26, The impedance matrix of the 7-network must be calcu- 
lated by taking the reciprocal of (3. 24), while the matrix of the shunt element 
is given in Fig. 3,11. 
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The Z-matrix of the T-network is: 


cS eae oe eas 
Ginn ees 
_ Xa ὙΠ S| 
IY IY (3.74) 
where |Y| = Y, (Y, + 2Y¥4). 
Z-matrix of bridged T-network: 
i, αν; ee 
Yo ΙΖ] Υ. {{ἸἹ 
a Ae ει eS 
Yo UY] Yo ly | (3, 15) 


The reader should now check that the matrix (3.75) is the reciprocal of 
(3.71) since they are the Z and Y matrices of the same network. An obvious 
method to make this check is to evaluate the reciprocal of, say, (3.71) and 
compare it with (3.75), but a better way of using matrix algebra is to multi- 
ply (3.71) by (8.75) and see whether the unit matrix is obtained. 


It is instructive to recall at this point that we used a different matrix for 

each connection of two-port networks considered so far. This procedure was 
dictated by algebraic expediency. In each case the matrix to use was sugge st- 
ed by the electrical quantities common to the networks. Thus, in the parallel 
connection the terminal voltages were common to the two networks and the 

Y -matrix made it possible to utilise this fact. In the cascade connection the 
output quantities of one network were equal to the input quantities of the other 
and the A-matrix proved naturally suitable. 


Fig. 3.26 


The same approach will now be followed in the discussion of the remaining, 
mixed, connections. It will be found that the mixed parameters are convenient 
in the solution of this problem. 
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3.9 MIXED CONNECTIONS OF TWO-PORT NETWORKS 


The parallel and series connections of two-port networks lend themselves to 
be mixed together in two ways. First the input ports of two networks are 
connected serieswise, while the output ports are strapped in parallel (Fig. 
3.27). Next the situation is reversed (Fig.3.28). Let us solve the former 
problem first and obtain the matrix of the combined network in terms of the 
matrices of the individual networks. 


I Ἶ 1,’ 


ν, 


HV ἸΗΞ αὶ 
Fig. 3.27 


The problem is easily tackled in terms of the H-matrices, The equations of 
the individual networks are 


(3, 76) 
Addition of Equations 3.76 yields 
vi J+] vat? J=[v, 7 =n? + nyy!?? ἢ...) + hyo?’ | [ 1, 
1211} i ΕἾ hoy?) + hoy?) hag"? + hag"? | | Vo" _ 
Vi |=] Baa 12 1} [1 
Ip’ her hee || V2 (3. 11) 


Hence the /-matrix of the series-parallel connection is the sum of the H- 
matrices of the component networks as summarised in Fig.3.27. 


Ϊ 


EQUATIONS OF LINEAR TWO-PORT NETWORKS 103 
The parallel-series connection of Fig.3.28 is best treated in terms of the 
g-parameters. The solution follows exactly the lines of Equations 3.76 and 
3.77, with the result that the G-matrix of the combined network is given by 
the sum of the G-matrices of the individual networks,as summarised in 
Fig. 3.28, 


6%. G@- G 


Fig, 3.28 


With the above problem all possibilities of interconnecting two-port networks 
are exhausted. We have seen that each connection is best tackled in terms of 
a particular matrix, which means that whenever other matrices are required 
in practical problems,they must be found with the help of Table 3.1. 


3.10 EQUIVALENT CIRCUITS 


The point of view adopted in the preceding sections of this chapter was that 
of circuit analysis. The typical problem of analysis is to find the electrical 
characteristics of a given circuit. The characteristics assume the form of 
parameters for two-port networks, and it has been our task so far to learn 
how to calculate the parameters of specified circuits, In the present section 
we shift our point of view in two stages. First we consider the question 
whether there are networks which are physically different, and yet have the 
same electrical characteristics. Next we tackle the problem of how to 
assemble a network having characteristics identical with a 'black box' whose 
parameters are prescribed. 


To start with we show that a symmetric T-network may have exactly the 
same properties as a symmetric 7-network. By this we mean that it is pos- 
sible to assemble a T-network by judiciously choosing impedances to have, 
say,the same A-matrix as the given 7-network. To demonstrate this we 
write down the A-matrix of the T-network and equate it to the A-matrix of 
the 7-network. We start with the Y- and Z- matrices as given by Equations 
3.24 and 3.31, and obtain the corresponding A-matrices with the help of 
Table 3.1 
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os Sales + AZo) | = Y 1 
1... Ὁ See ee 1 = 
Zo Zo τω Yo Yo 
1 Z1 Y¥i(¥, + 200.) Y 
i+ is 1st 
Z2 Zo Yo Yo ee 8 


The impedance Z, is immediately obtained by equating the bottom left hand 
elements of the above matrices, Z, is then found from one of the diagonal 
elements. 


3 1 
τ = -- -----------.-- " = 
Ἵ ¥, (¥, ἘΞ) ui Y¥, + 2Y, (3,79) 


The foregoing procedure may be reversed, Given a T-network we can con- 
struct a 7-network having the same properties. Its admittances are again 
found from Equation 3.78. Y. is obtained from the top right hand element, and 
Y, from one of the diagonal elements. 

δ) 


Y= sie 


* Tee) 


Fig. 3,29 


ἫΝ 1 


=, Y, = 
ΤΑ ΣΙ δ τ Reyy. hy Ry Bey (3.79) 


The results are summarised in Fig.3.29. 


The reader is invited to apply the open and short circuiting technique to the 
circuits of Fig.3.29,to verify that their A-matrices are identical and equal 
to those in Equation 3,78. They are,therefore, equivalent networks. 


By the same procedure a variety of network configurations can be set up 
having characteristics identical with a given network. 


A useful example is provided by a length of transmission line and its equiva- 
lent 7- and T-networks. The general circuit constants of a section of line of 
electrical length § are given in Equation 3,43. It only remains to equate 
their matrix to Equation 3.78 to obtain the equivalent circuits. 


EQUATIONS OF LINEAR TWO-PORT NETWORKS 105 


Equivalent 7-network of transmission line: 


_ coshé —i Φ' ] 
Yi=zZ,sinhg’ 3 > Zo sinho (3. 80) 


Equivalent T-network of transmission line: 


. og coshe —1 ae 
8) = Zo sinho ἘΣ Ξ sinh@ (3. 81) 


In many practical problems it is convenient to replace a transformer (not 
ideal) by an equivalent 7- or T-network. To solve this problem we must first 
set up the equations of a transformer which we do by reference to Fig. 3. 30. 
The self inductances of the primary and secondary are L, and Lz respectively, 
and the mutual inductance between the coils is M. It is convenient to calcu- 
late the z-parameters of this four terminal network. We assume the windings 
of the transformer to be so arranged that the voltage across the secondary, 
with the polarity shown in the figure, is in antiphase to V,. 


Fig. 3.30 


Open circuiting the secondary we find 


The above expressions show the primary and secondary voltages in anti- 
phase,as required. Next we open circuit the primary to obtain the rem?‘ning 
parameters. 
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Hence the Z-matrix of the transformer is 


jwL, —jwM 
/—jwM ἴω, (3, 82) 


Equating the matrix (3. 82) to the impedance matrix of the unsymmetrical 
T-network of Fig. 3.9 we calculate its elements. 


Lo = jwM 
Z, = jw(L, — M) 
Z = jw(L, — M) (3. 83) 


The result can be represented by the equivalent network of Fig. 3.31, which 
also gives the equivalent 7-network of the transformer. The latter is found 
by taking the reciprocal of the matrix (3. 82) and equating it to the admittance 
matrix of the 7-network given in Fig. 3.4. 


Fig. 3, 31 


The foregoing examples of equivalent networks suggest that there are limits 
beyond which it is not possible to make a configuration equivalent to a given 
circuit, Thus the transformer cannot be replaced by a symmetric T-network. 
The reason is understood when it is observed that the matrix (3. 82) has un- 
equal diagonal elements, hence it cannot be equal to a matrix with equal diag- 
onal elements, which is characteristic of symmetric networks, 


Having shown that certain circuit configurations can be equivalent to others, 
we now pass on to consider the second problem stated at the opening of this 
section, Given the parameters of a 'black box' is it possible to set up an 
actual circuit having the same parameters? 


Before we show that it is, in fact, possible to do so, it may be appropriate to 
remark that in many practical problems it is convenient to think of a specific 
network configuration, rather than a vague 'black box’. Engineers often find it 
desirable to visualise an actual circuit rather than work in terms of abstract 
matrices, particularly in experimental situations where measurements are 
made or design problems solved, 
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At first let us introduce two typical examples: Limiting ourselves to passive 


networks, we assume a specific Z-matrix (Symmetric) to be given as a state- 
ment of the characteristics of a ‘black box’. 


ΖΞ] 211 212], 212 = 221 
| 221 Zgp 


Z)=2)\+2)2 


23 =2Z22+Z)2 


Fig. 3.32 


We can easily construct a T-network havirig this matrix if we let 


Zo =—Zy =— Ζ21 
Zy = 244 — Zo = 24, + 212 
Zg = 22. -- Zo = 22} + 212 (3.84) 


It is equally easy to set up a 7-network to represent a given Y-matrix. Fig. 
3.32 presents the solutions graphically. 


The general procedure can be outlined as follows: 
1. The parameters of a 'black box' are given. 
2. The matrix of the same parameters for a desired equivalent circuit is 
written down. 
3. The two matrices are equated, yielding equations which determine the 
equivalent circuit impedances in terms of the given parameters. 


To illustrate the method we find the equivalent T-network of a ‘black box' 
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whose h-parameters are known. The H-matrix of the T-network is written 
down starting from Fig.3.9 and using Table 3.1. 


ee ee eo ee: ee 
a3 42 Z9 + 43 Zo + Z3 
--ὀτῷίς. 1 
ἢ. ἢ 5 Se ΒΞ ----- 
τὸ ἄρτι Zo+Z3 Zot Zz (3. 85) 


This matrix equation yields three ordinary equations which are sufficient to 
determine the three impedances Z,, Ζ., Z,. 


Ly ὁ 28 (3, 86) 
By successive eliminations we arrive at the results: 
Zo = hye 
Noo 
ee 8.8 
Nge 


Ngo (3.87) 


which are summarised in Fig,3.33. The reader should check that Equations 
3.87 are dimensionally correct by referring back to Equation 3.48, and 
should satisfy himself that the ¥-matrix of the network of Fig.3.33 is in fact 
identical with Equation 3.85. 


AypstMys™ | ἘΝ 
Z=hy+ i2( ι2 ) _ h-hp 
N22 


Fig. 3, 33 
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As remarked before the object of having equivalent networks is to ease prac- 
tical problems of circuit analysis,experimental or theoretical, and of circuit 
design. Once an equivalent circuit has been set up a generator can be applied 
to it and a load can be connected to its output terminals. This done, various 
electrical quantities can be measured, such as voltage and current ratios or 
input and output impedances. In this way an equivalent circuit may help to 
visualise a practical electrical problem, although a solution can always be 
effected on the basis of known parameters. 


3.11 ACTIVE NETWORKS 


The equations of two-port networks were derived in Section 3.2 for passive 
circuits only,and the subsequent treatment was limited to such circuits, with 
only occasional references to active networks. We have found that matrices 
of passive networks possess a number of special properties,the symmetry of 
the admittance and impedance matrices being perhaps the most notable. Al- 
though we had occasion to remark that matrices of active networks do not 
have these special properties, we have never inquired thoroughly how the 
presence of generators inside circuits may remove the symmetry of their 
matrices. Since vacuum valves and transistors operated linearly are equiva- 
lent to two-port networks with generators inside them, it is important to 
understand clearly why their matrices differ from those of passive networks. 


We introduce the problem on the example on a T-network with an e.m.f.E 
applied to it as shown in Fig. 3.34 (a). 


(α) 


Fig. 3.34 


————— 
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The equations of this network can be written 


I, =Vi1 By + γι). Vo 
Ig = Yai Ei + Yao Vo (3.88) 


where Y is the symmetric admittance matrix of the passive T-network of 
Fig.3.34 (a). Since E, is effectively the vector sum of all generators in 

loop 1, we can assume that it consists of two fractions,kE, and (1-k) E,,the 
latter placed inside the circuit,as shown in Fig.3.34 (Ὁ). Equations 3.88 can 
now be rewritten in the form 


I, = για  ΚΕῚ +l = KE; | + Y12Ve2 


(3.89) 
Iy = Yoa| KE, + (1 — KE; | + YooVe 


Putting KE, = V, and taking it outside the square brackets we obtain the 
equations of the network of Fig.3.34 (c). 


y y 
I Ξ- τεῖν; + yiz Vo 1, |= _ γι} [|| ὕ1 

y | | 
IZ = Vy + Yoo V2 Ip yal Yao Vo (3.90) 


The matrix of Equation 3.90 is no longer symmetric, since 
Yo i/k# 712 unless k = 1, 


The foregoing argument, which applies to a special case only, can be extended 
to any network containing a generator whose e.m.f.is a multiple of either the 
input or output voltage. Tyransistors and vacuum valves operated under linear 
conditions constitute circuits with affective generators inside them, hence 
their admittance and impedance matrices are not symmetric. Further, the 
determinants of the A and R matrices of active networks are not equal to 
unity, and the off diagonal elements of the WH and G matrices differ in numeri- 
cal value and not merely in sign (see Section 3.6). 


Apart from these differences in detail the algebra of linear active networks 
remains the same as that of passive networks, In particular all the useful 
matrix relations listed in Tables 3.1,3.2 and 3.3 apply to active circuits, 
since no symmetry relations were assumed in deriving them. 


Having shown above how the Y-matrix of an active circuit comes to be non- 
symmetric, we turn our attention to the converse problem of setting up equi- 
valent networks of 'black boxes' known to be active. The solution of this 
problem is of outstanding practical importance as it helps to understand the 
equivalent circuits of valves and transistors. 
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Two basic types of equivalent circuit can be used to represent an active two- 
port network. 

1. Two-generator equivalent. circuit. 

2. One-generator equivalent circuit. 

The fictitious generators may be either voltage or current sources. 


We start with the equations using z-parameters which we rewrite here for 
convenience. 


Vi, =2%,h+ 42th), (212 γέ 22.) 
Vo = 2211, + Zoe 1, (3.91) 


The first expression may be interpreted as equating the terminal voltage V, 
to a voltage drop z,,; I, across an impedance Z11,plus a generator of voltage 
Z19 ἴᾳ Opposing V,. Similarly the second expression equates the terminal 
voltage V, to a drop 299 I, plus a voltage generator 22} 1,. Hence Equa- 
tions 3.91 are satisfied by the circuit of Fig.3.35, which is a two-generator 
equivalent circuit of the two-port network having the Z7-matrix of Equations 
3.91. 


Fig, 3,35 


To set up a one-generator equivalent circuit we assume a T-network com- 
posed of unknown impedances Z,,Z», Zs and including an unknown voltage 
generator V,, as shown in Fig.3.36. We write down its Z7-matrix using the 


| Vy=(22)-2 2) 1, 
[, ΖιΞ ξεν 212 Ly=222+ 2,2 , 


2 


Fig. 3.36 
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open. circuiting procedure, and equate it to the known matrix of Equations 
3.91. We start with the transfer impedance z,. 


a (Ξ: + ao 
Vi I,=0 


= Z, + Zo 


whence 21 = 211 + 249 


The input branch of the equivalent T-network is thus determined. Now 


Vr 
and Ἔ;, = 221 — 212 
1 1550 


Τί follows from this expression that the fictitious voltage V. is proportional 
to the input current I,,and vanishes whenever the latter is reduced to zero. 
Hence we find 


Vr= (zea = 2121) 
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Now it only remains to work out the impedance Z, from the equation 


Z22 > (3 Ξ (Zee tole + ZsMe + ‘r) = Zo + Z3 + (5 
Ip [πὸ Ip 1,0 t i 


Z91 — Z,9)1 
= 2 + 2 +( Gar tia) ) = Zy + 4s. 


Hence Ze, = Zo9 + 212 


The results may be summarised in the single matrix equation 


411 412 = 21 Ἔ “9 —ZLo 
Ver 
| 221 222 τ, 7 Zo 22 23 (3.92) 


where it must be remembered that V,,/I, is constant. It is instructive to com- 
pare the foregoing matrix of an active T-network with the matrix of a pas- 
sive network,as given in Fig.3.9. 


It is possible to construct equivalent circuits for the two-port network of 
Equations 3.91 differing from Fig.3.36, One of the possible solutions is to 
place the fictitious generator in the input arm of the T-network. The calcula- 
tion follows exactly the line leading up to Equation 3.92, Other possibilities 
incorporate fictitious current sources placed in parallel with the branches of 
the T. 


As our next example we consider the two-generator and one-generator equi- 
valent circuits of a two-port active device whose y-parameters are known. 


Ty = Yi1Vi + Vi2Ve, (ys2 # yor) 

In = Yo1V1 + ΥΩ (3.93) 
I, can be regarded as the vector sum of a current y,, V,,pushed through a 
passive admittance y,, by the voltage V,,plus the current y,5 V2,generated 
by a constant current source of this magnitude. Similarly I, is the sum of a 


passive current Yoo Vj and a current generator yo, V,. Hence Equations 
3.93 apply to the two-generator equivalent circuit of Fig.3.37. 


Fig. 3.37 
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The device of Equations 3.93 can be represented by a one-generator circuit 
in the form of a 7-network, including a current source across its output ter- 
minals,as shown in Fig.3.38. To evaluate the branch admittances and the 
current generator we follow the method that led up to Equation 3.92. Starting 
with the known transfer admittance y,. we find 


The top branch of the 7-network is thus determined. To find the input branch 
of the equivalent network we utilise the parameter y,,- 


| 1 
1 V2=0 


Ἢ (& + Yalta) 
Vi Vo=0 


= Yi + Yo 
Yn Fi 


Y 


The parameter y,,.together with the foregoing results, yields the magnitude 
of the fictitious current source which we denote by I,. 


van = (2) - (44 =") as -(#) 
Vi/y,-0 Vi V2=0 2 \We vV,=0 


Y= Yur ie 7 | | 


ly πίγ τυ Vi 


Fig, 3.38 
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This relation shows that the intensity of the fictitious current source is pro- 
portional to the input voltage V, and, therefore, vanishes when the latter is 
zero. Hence we find 


1, = (νυ: ἘΣ γ21)Ν} 


Finally the remaining shunt element of the equivalent circuit is found. 


In \ 
faa = (22) 
2/V,=0 


Σ (2 + ¥3)V2 -- ) 
V2 V,=0 


=¥a+¥o—-(#), 0 
Ἕ 


Under conditions of short circuit at the input the last term of this expression 
vanishes. Hence 


Y3 = Yo2— 712 


The method by which the single generator equivalent circuits have been 
derived is not unique. Alternative,more concise arguments can be used. For 
example, Equations 3.93 may be rearranged as follows: 


I, Ξ γι. Vi + Y12Vo 
Io = Yi2 Vi + YooVe2 — (νυ: = yoi)V4 (3.94) 


If, for the moment, we neglect the last term of the second equation, Equations 
3.94 would represent a passive network, because their matrix would be sym- 
metric. Hence they would have the equivalent 7-network of Fig.3.32 which is 
the same as the passive part of Fig.3.38. The last term may be conceived to 
be a current source added across the output terminals of the passive circuit 
in opposition to the assumed direction of 1... because of its negative sign. A 
similar argument, based on a rearrangement of equations, may be adduced to 
obtain the equivalent T-circuit of Fig.3.36. 


The foregoing examples of equivalent circuits of active two-port devices have 
been selected to explain the general principle, without attempting to provide a 
comprehensive survey. The concept of equivalent circuits finds its most ex- 
tensive application in connection with linear valve and transistor circuits. 
Interested readers are referred to standard textbooks on the subject remem- 
bering however, that alternative sign conventions are in use. In general 

these have the effect of changing the signs of some parameters,so that care 
must be exercised when comparing results originating from different 
sources, 


Part 2 


Chapter 4 
Developments of Matrix Algebra 


The algebraic work of Chapter 2 will now be continued. In the present chap- 
ter the stock of rules and definitions will be extended, and problems that 
were beyond the power of elementary methods will be tackled. The subject 
matter to be covered will be adequate to deal with most electrical problems 
susceptible to a formulation in terms of matrices, 


In the exposition of the more complicated subjects of rank, eigenvalue prob- 
lems, functions of matrices, no attempt is made at mathematical rigour. 
Instead the treatment concentrates on the introduction of basic concepts, and 
a clear explanation of algebraic manipulations, 


4.1 PARTITIONING OF MATRICES. 


The elementary rules of matrix algebra explained in Chapter 2 lend them- 
selves to a useful extension. Instead of handling individual matrix elements 
when products or sums are formed, it is possible to manipulate whole groups 


of elements, The matrices to be, say, multiplied together are first partitioned, 


and the resulting submatrices are then found to obey the same rules as 
individual elements, 


We introduce the subject on the example of two matrices A and R, which we 
subdivide according to the following scheme, 


— 


(4, 1) 


The product AB is next worked out in terms of the submatrices shown in 
Equations 4. 1 rather than individual elements. 


ΑΒ Ξε) A | Bs Ba |= A,B, A,By 
Ag A2B, A2gBy 


116 


—, 
Ho 
“ 
ho 
πῶσ 
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Forming the products AjBj in full we obtain the expected product matrix: 


8.11}11. 81 2021 8.105} 3 1by 9+, gboy ἐ8 1905», 1811015 8.205 Ἐ815055 
8.21011} Ἐ822027. 8.235} 8210.) ἐΒ 2 2022 ἘΒ. 2505: 8.211. Ἐ8.22023.Ἐ8.23033 
85.111 Ἐ832091.:85531 ayibi2+agab22tagzbso: 1851013 8320 25 88.555 
(4. 3) 
The dotted lines mark the extent of the subproducts A;Bj. 


Let us now attempt to form the reverse product of A and B retaining the 
partitions used above, 


BA = 15 Ἷ Ba | bal 
ai 


Ὀ1181:1 + Py2a2) 61412 + Pi2822 Ὀγη815 + Di2az2y + 


- | Bs Ay + Bo Az] 


by1411 + be2a21 by ,ai12 + De2aeg2 by a,3 + Dovaes 
b31811 + bg2a21 Ὀ5γ81» + Dg2822 05.18.15 + bg2a23 


bj3831 bysa32 Ὀχ5835 
besass 
| bg3231 Dgyase bgyass (4. 4) 


Do3a3, bDesage 


The dotted lines show the distinct submatrices which are to be added. After 
this has been done it is easily seen that the resulting matrix is of order 

3 Χ 3 and is identical with the result of multiplying P by A in terms of their 
individual elements. 


We conclude on the basis of these observations that the matrices A and B 
can be partitioned according to the scheme (Equations 4. 1) without violating 
any of the basic rules of matrix algebra. It should also be noted that in 
general both the prefactor and the postfactor can be partitioned by either 
rows or columns. Thus, in Equations 4.2 the rows of the prefactor are par- 
titioned but in Equations 4, 4 the columns of the prefactor are partitioned, 


Before proceeding to further extensions of the method of submatrices it is 
instructive to consider an example in which partitioning has been done incor- 
rectly. Thus, let us write 


=[ "ἢ 


P=] P11: Piz 
P21 : Pop 
Psi : P32 


Q=|411 412: 
| G21 622 | 


' es = 
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Although the product PQ can be formed in terms of individual elements, it 
cannot be worked out in terms of the submatrices shown, since two row vec- 
tors cannot be multiplied together. Moreover the subproducts PjQj cannot 
be formed either, because the orders of the submatrices are not properly 
matched. 


The above example is indicative of a rule concerning partitioning. If one 
factor matrix is partitioned according to rows, the other must be partitioned 
according to columns, and vice versa, It should be noted that the matrices 

A and B in Equations 4. 1 conform to this rule, The rule is further illustrated 
by Equations 4.5 if we partition the matrix @ by rows. The product 


[Ps Po] ΠῚ - [Ριῶς Pe Qa | 


Qa (4, 6) 
can then be worked out, yielding the correct result for PQ. 
The following is another example of partitioning which does not work: 
A=|ai1:a12 a13 |, B= | Dir Piz bis 
8.21 1822 823 | bey bee bez 
| 831 3 a32 833 b31 bg2 0533 (4. 7) 


The product AB cannot be formed according to the partitioning, despite the 
fact that one matrix is divided by rows and the other by columns, It is said 
that the partitions are inserted unconformably, or in other words the orders 
of the submatrices are not properly matched, On the other hand, the reverse 
product BA is quite feasible as the reader can verify. 


The last example is typical of the general rule that the prefactor can be 
partitioned by rows in any manner, and the postfactor can be partitioned by 
columns in any manner, always yielding submatrices which can be multiplied 
according to the rules of matrix algebra, 


So far we have considered cases where a given matrix has been partitioned 
either by rows or by columns, but not both simultaneously. To see that the 
latter is possible, we consider two matrices P and @,not necessarily square, 
which we intend to multiply P@, We partition the first matrix by rows and 
the second by columns in any way whatever, as is possible by the preceding 
rule. Next we superimpose partitions on the columns of P and the rows of @ 
which are conformable, The resulting submatrices of P and @ are conforma- 
ble, and the partitioned multiplication can be carried out, 


PQ =] Pi1 Piz ξ P13 4.1 412 : Giz Gia | =| Pi Po Qi Qa | 
ΡΞ Pa|| 5 Qa 
431 652: G33 634 (4,8) 


Poi P22: P23 || G21 422: 423 424 


Petes δι τα τῶν 25S 5 858587 oe 


P31 P32: Ps3_ 
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The reader should work out all subproducts in Equation 4. 8 and check that 
the results agree with element by element multiplication of P by ©. 


A justification for the partitioning procedure is to be sought in the general 
summations (see Section 2.4) that appear when products of matrices are 
formed, Thus the typical element of the product 


R=P0O (4, 9) 
is given by 
n 
sk 2 ἜΠΗ (4, 10) 
k=1 ἢ 


where n is the number of columns in P and rows in Ὁ, The sum, Equation 
4.10, can be split into a number of partial sums, each extending over a frac- 
tion of the range from 1 to ἢ. 


Ky Ko n 
ΓΤ) = Σ Pita; + 2 PikGkj Ἢ 7) }» Ὀικακὶ 
k=1 k=k,+1 k=k)+1 (4. 11) 


Now, every partial sum in Equation 4, 11 can be considered to stand for the 
typical element of a product of submatrices taken out of P and @. What 
interests us here is the method of selecting these submatrices, The sub- 
script k labels the columns of the prefactor and the rows of the postiactor. 
therefore each partial sum contains elements from columns of P and rows of 
@ having the same labels, This is the conformable partitioning of P and @ by 
columns and rows respectively, as illustrated in Equation 4,8, Moreover the 
individual elements of the product matrix [τὶ 4] are given by separate sums οἱ 
the form of Equation 4.10, hence they can be computed in any sequence of 

the suffices i andj. This reflects the arbitrary partitioning of the prefactor 
by rows and the postfactor by columns, once again exemplified by Equation 
4, 8, 


In connection with the Equation 4, 11 it should be observed that the subranges 
of k need not be consecutive at all. In view of this we conclude that the con- 
cept of submatrices is, in fact, more general than disclosed by the examples 
considered. Submatrices can be formed from rows and columns which are 
scattered over the original matrix, as well as from those which adjoin each 
other. 


It is hoped that the introduction of partitioned matrices in the present sec- 
tion has provided the reader with some more experience of manipulating 
matrices, but this is not by any means the sole object of the excercise, Par- 
titioning is a further step in the development of the concise algebra of matri- 
ces and we shall soon see how it helps to reduce complicated general expres- 
sions to manageable form. 


K 


120 MATRIX ALGEBRA 


4.2 ELEMENTARY OPERATIONS ON ROWS AND COLUMNS OF A MATRIX 
The manipulations that come under this heading include multiplication of a 
row or column by a constant factor, interchange of rows or columns within a 
matrix, addition of one row or column to another etc... The object of the 
present section is to show how to carry out such operations using the 
elementary rules of matrix algebra laid down in Chapter 2. 


We start with the problem of how to multiply a single row of a matrix P by a 
constant factor, without affecting the remaining rows, To effect this operation 
we try the following product: 


0}} Pia Dac Pris | 
0 P21 Poe Pas | 
1 


Pui Pao Pag 


oOo ὦ = 
oOo -, (ὦ 


P31 =P32 = =Ps3_ (4, 12) 


Hence, to multiply a row of a matrix by a constant factor we premultiply the 
matrix by the unit matrix with the corresponding diagonal element replaced 
by k, The rule is readily extended to include simultaneous multiplication of 
several rows of a matrix by a succession of scalars kj. 


Example: 
lk, 00 O Pir Pi2 |=] KiPii kiPiz2 
θ 1:0 -O P21 P22 P21 P22 
0 0 ky 0 P31 Psz2 | ksPs1 kgPsz 
RU 8 Ὁ “Κὰὶ Pa1 42 041 042 aH) 


To multiply columns of a matrix by a constant we use the appropriate diag- 
onal matrix in postmultiplication, as shown below, 


Pi1 Piz a 4 =| KkiPi1 Piz 
P21 Po2}|0 1 KiP21 P2e 
P31 Pye KiP31 52 (4, 14) 
To interchange lwo rows of a matrix we premultiply it by the unit matrix 


with the same rows interchanged. Example: 


0 81 8) 859 aq |=] 8] as 852 ag 
117. ὃν be bs ‘ba 


0 Cs CH Cy Sa 


} Ci Cg Cy Ca 
by by Ds Dy 


(4, 15) 


The reader should go over this multiplication carefully, to make sure that the 
mechanism of interchange is clearly seen, 
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To inferchange columns of a matrix,a unit matrix with invferchanged colwmnns 
is used in postmultiplication, 


εἴ ce ey ἃ. αὶ Oba as δὲ Βὰ 
ao Ds Cog 001 ag Co De 
83 bz cy || 0 10 85 C3 bs 
| aq be δὲ | aq Ca Dg τὸ 


Here again the mechanism of interchange should be carefully studied by 
carrying out the multiplication in full. 


Next consider the product 


101 8), 82) ag |=] ag ΟῚ AagtCg 83 Ἐ Cy | 
0 1 0 Dy Do Ds by De Ds 
00 1 Ci Co Cy Ci Cy Cy (4, 17) 


It will be observed that the nett result of the above multiplication is to add the 
third row to the first row of the postfactor. The operative element in this 
manipulation is the extra unit in the top right hand corner of the prefactor. 
For purposes of memorising, it is useful to note that the extra element is in 
the first row, but directly above the unit in the third row, of the prefactor. 
Symbolically this can be taken to mean that the third row is to be added to 

the first. 


Simultaneous addition of several rows of a matrix to a given row can be 
accomplished by inserting units into the appropriate positions of the unit 
matrix. Thus the matrix 


0 0 
1 0 
11 


μι Oo μεὶ 


when used in premultiplication, will cause the addition of the first and second 
rows to the third row of the postfactor. 


Example: 
10 0][ a, as |= ay Ae 
02 8 b; be by Dy : 
i & i Cy Cy 81 +by $C, a, + bo + cy (4. 18) 
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To effect the addition of columns of a matrix rather than rows, suitably 
modified unit matrices are used in postmultiplication. Example: 


ay by Ci 11 0|ΞΞ] 382] a,+ b, + Ci Cy 
8) be οἱ]! ῦ 1 0 ag agt+bg+Co Cg) 
(4, 19) 
Br 1 
Sometimes it is required to add a multiple of a column or row to another. 
This is done by matrices similar to the above with the difference that the 
appropriate multiplier is placed in an off diagonal position, instead of a unit. 
Thus the matrix 


co co = 
Co = "τ 
μι 5 ὦ 


when applied in premultiplication will add kxrow 2 to row 1, and when used 
in postmultiplication it will add kxcolumn 1 to column 2,as the reader may 
verify on an example, 


It should be observed that although all the above rules of elementary opera- 
tions have been stated for both rows and columns, the latter can always be 
deduced from the former by transposition, and vice versa, Thus we have the 
example 


r & © 81 ag |=] 81 + kb, ao + KDo 
0 1 0 by Do bj Do 
00 1] ec ce C3 “Saal (4. 20) 


and its transpose 


ay b, Cy 10 
by Do Co k 1 


001; 


Oo ὦ 


=/a,+kb, by cy 
8. +kby bdo Co 
(4.21) 


From the distinct elementary operations described so far, composite ones 
can be formed by multiplying the appropriate matrices together. The pro- 
duct 


(4, 22) 
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when used in premultiplication, will multiply the second row of a desired 
matrix by k and add it to the first row. The reader should check this on an 
example. 


At this stage an important observation should be made regarding the deter- 
minants of square matrices, on which elementary operations have been per- 
formed. A reference back to Section 2.13 will disclose that the properties 
listed there are all concerned with determinants of matrices subjected to the 
operations discussed above. It should be particularly noted for future refer- 
ence that such operations can affect the value of a determinant only by a con- 
stant factor. Thus, a non-zero determinant cannot be made to vanish by any 
number of elementary operations on its rows or columns. Conversely, a 
vanishing delerminant cannot be made to assume a finite value by such 
operations. 


A further important fact should be noted. The matrices effecting elementary 
operations are non-singular, hence their reciprocals can always be formed. 
Moreover, the reciprocal matrix effects the reverse operation. The reader 
should go over the examples given above to satisfy himself that this is so. 


The rules concerning elementary operations, outlined in this section, are 
easily extended to partitioned matrices. Since the latter behave under multi- 
plication in exactly the same way as non-partitioned matrices, all we have to 
do is to make sure that the partitioning is conformable. As an example we 
take the 4 x 2 matrix 


(4, 23) 


and set ourselves the problem of interchanging the first two rows, taken 
bodily together, with the third. The fourth row is to remain unchanged, The 
student will appreciate that this can be accomplished by means of two opera- 
tions on individual rows, successively shifting the cj row upwards. However, 
we can obtain the same result in one step, if we partition the matrix 4. 23 
suitably. 


Let us write 


ay 8.2 |= A] 

by be| | C 

61 δα] |D 

d, “do (4, 24) 


and 
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[o o:1!0 =|; Ip 19] 
I Ι 
1 0:0!0 
0 1:0/0 
I | 
Ὁ. 010/41 (4,98) 
Partitioned premultiplication of Equation 4, 24 by Equation 4, 25 gives 
E 7 Is | A Ξ [ΠΑ + 12C + 15] 
δ 
Ρ 
=|/o 0 |+]e. cg/+]o0 0 
a, ago 0 0 0 0 
ba. be 0 0 0 0 
0 0 0 0 ἃ, do | (4, 26) 


The importance of the elementary operations described in the foregoing sec- 
tion lies in the fact that they can be used to reduce a matrix to equivalent 
diagonal form. This problem forms the subject of the following section. 


4.3 EQUIVALENT MATRICES 


In many important problems of applied mathematics it is necessary to trans- 
form or reduce a given matrix to diagonal form. Problems of this type come 
up for discussion in Chapter 5, in connection with applications. In the 
present chapter the requisite aleebraic methods are explained, and in this 
section it is shown how a matrix can be reduced to diagonal form by a suc- 
cession of elementary operations on its rows and columns, 


The method is best introduced on a numerical example, say the following 
matrix of order 3 x 3 


i 32 
461 
570 (4. 27) 


As a first step we add (— °/4 x row 2) to row 3, which is effected by the pro- 
duct 


1 ORS) siete κ΄ ἃ 
0 1 : 2% 
0 —%, δι ae 0 -- — 5,4 | 
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Next we subject the result to the operation (row 2 — 4 Χ row 1). 


ee eee Πα, ὩΣ ee 
-ὰ a a ἢ 0-6 -ἰ 
9 ὃ T1108 —% —% G = =—% 


ἡ cg 7 τν 8 4 ey ie ὥ 4 
5 1 Gite «8 «ἢ OG .-ὃ 9 
| | 0 --2 1 0 --ῖν --ϑὴ | 0 0 --ὦ,, (4. 28) 


We have thus reduced to zero the elements lying below the principle diagonal 
of the original matrix. This has been accomplished in steps of elementary 
operations with the overall effect given by the product 


1 0 0 1 0 0|= 1 0 0 | 
lo 1 oj|-4 1 0 = 2 
ὃ «ts: 3 0 Oo 1 yy —%y 1 


(4, 29) 


The reader should satisfy himself that a direct multiplication of matrix (4. 27) 
by matrix (4, 29) will yield the matrix on the right hand side of Equation 
4.28, 


The mechanism of reducing the off diagonal elements to zero should be care- 
fully studied. At first the element in the bottom left hand corner is made 
equal to zero by adding to the third row a suitable multiple of the second row. 
Then the element directly above is reduced to zero by adding to the second 
row a selected multiple of the first row, In this way all elements of the first 
column below the principal diagonal are reduced to zero, The bottom element 
of the second column is made to vanish by the addition of the right multiple of 
the second row to the third. This final step naturally leaves the zeros in the 
first column unaffected. 


The foregoing method of reducing off diagonal elements of a matrix to zero is 
not limited to our example of order 3 x 3,but is quite general. 


The elements above the principal diagonal of our matrix can be made to 
vanish by either of two methods. First, we can go on operating on the rows by 
premultiplication with suitable matrices, Some work on the above example 
will satisfy the reader that this is possible. 


Alternatively we can operate onthe columns ofthe matrix onthe right hand side 
of Equation 4. 28 by multiplying with selected matrices. Thus, the top right 
hand corner element is removed by the operation (column 3—%, x column 2). 
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3 2 : 6 Q |=] 1 3 0 
-6. -- 0 1 —%, 0-6 —3 
0 —*/. 0 0 1 0 0 —*.; 


In the next stage the second element of the first row is removed by the 
operation (column 2 — 3 x column 1) 


Lan ἢ. ae ae? otal he τ 
ese «8 [1 e- Ὁ ἢ 0 =e as 
0 0-—-% [ὃ ὁ 1 0 0 —% 


Finally, the second element in the third column is removed by the operation 
(column 3 — 14 X column 2), 


2. a Β΄. ΓΕ 6 ONS δ, ἢ 
[ὃ —6 —§ 0 1 -ἢ 6 -G 6 
0 0O—% 10 Ὁ 1 0 0 -—% | (4.30) 


We have thus reduced the original matrix (4.27) to the diagonal form, 
Equation 4.30, by means of elementary operations in the shape of pre- and 
postmultiplication by suitable matrices. The resulting matrix used in post- 
multiplication is 


=/1 0 ἢ 1-3 01 © ἃ []1π|. - *% 
0 0 —% [10 0} Ὁ 1 —% 0o1--% 
Pe ἢ. ἃ Bir Bt ΒΓ ΤΣ "8 ἢ Ὁ 6 1.) 68) 


Let us now summarise our results by writing down the relation transforming 
the original matrix (4,27) into the matrix on the right hand side of Equation 
4.30,using the matrices of Equations 4. 29 and 4. 31, 


1 ῦ.:.. 8.1. 3 2 1.88 ἢ ]Ξ5.] Ὁ ὃ ἢ 
—4 i diese Be ἃ 0 1-% 0-6 0 
a a δ΄ a a Ὁ 0 0 —4% | (4.32) 


The conclusion to be drawn from this example is that a matrix A can be 
reduced to a diagonal form D by a transformation of the form 


PAQ@ = ἢ 
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The diagonal matrix D, obtained from A by means of a succession of elemen- 
tary operations,is said to be equivalent to it. 


More generally, two matrices A and P, related by the transformation 

B= PAQ (4. 33) 
are said to be equivalent. Equation 4.33 is referred to as an equivalence 
transformation, 
As pointed out on p. 123 the transforming matrices P and @ are non-singular. 
Hence we can write 

A= ΡΒ: 
where P~* and @7! reverse the elementary operations originally applied to 
A. 


We can go a step further, beyond the result of Equation 4.32 and reduce our 
matrix to a unit matrix by a suitable pre- or postmultiplication. Proceeding 
by premultiplication we find: 


1 0 0 1 0 0 |=/ 1 0 
0 -ἰὸ o|]/1-6 oO ae aaa 
0 0 —*% 0 0 —% Bo 08 (1. 34) 


Since diagonal matrices commute under multiplication (see Section 2. 11), the 
same matrix as in Equation 4.34 can be used in postmultiplication, Hence the 
final stage of reduction can be absorbed into either P or Ὁ, of Equation 4. 33. 


It should be noted in the foregoing example that all the diagonal positions of 
the reduced forms, Equations 4, 32 or 4. 34 are occupied by non zero elements. 
This is not always the case,as the reader can readily verify by working 
through the following example, 


ἘΠῚ SOS 8) OS SS BTS ἃ a 
—4 , Cs ..ὄ δ. 4 Oo 1 —% | 0-6 O 
% —t 1/135 797 δ | LO oO 41 θ΄ eo 


(4.35) 


This result should prevent the conclusion that all square matrices of the 
same order are equivalent, because they can be reduced to the unit matrix 
with the help of the method which led up to Equation 4,34. Equation 4. 35 
demonstrates that in certain cases some diagonal positions turn out to be 
vacant. However many elementary operations are used, the unit matrix of 
Equation 4, 34 cannot be transformed into that of Equation 4. 35, hence the two 
matrices are not equivalent. 


va 
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The importance of these observations will become apparent in subsequent 
sections, 


It is instructive to note at this point an important property οἱ the determin- 
ants of equivalent square matrices. Since equivalent matrices are related by 
a succession of elementary operations, their determinants can only differ by 
a constant factor as was shown on page 123. In particular, if it is found 

that the determinant of a matrix vanishes, we can conclude that the deter- 
minants of all matrices equivalent to it also vanish. For example,a diagonal 
form may be known. It is then obvious whether its determinant vanishes or 
not, and the information is immediately applicable to all equivalent forms, 


The method of reducing a matrix to equivalent form, outlined in this section, 
applies to rectangular matrices as well as square ones. If a matrix of order 
m Χ nis to be reduced, square matrices of order m Χ m must be used in pre- 
multiplication, and of order n x ἢ in postmultiplication. Hence the reduced 
matrix will be of order m Χ n,as the original one, Example of order m = 2 
andn= 3; 


PSHE δ OP Ls 9 18 Pere eg 
ae OILS 6 hie ἢ δ᾽ be = δ᾽ 
lo o 14 (4. 36) 


Partitioned matrices are within the scope of the above methods with some 
reservations to be stated later. We illustrate the procedure on a square non- 
singulay matrix. 


Let us take 
A= Ay A» E 
By, Be 
where A, is square, and operate on rows as follows: 


I O|| Ay Ap |= | Ay Α. 
—B,A,;"+ 1 || Bi Be 0 —B,A,71Ay + Bo 
(4. 38) 


A suitable postmultiplication removes the top right hand element of the right 
side of Equation 4.38 by operating on columns. 


As A> hee a eo 0 
0 —B,A,; 1.4. + Bog [) Ϊ | 0 —B,A, "1A, + Bo 


(4. 37) 


(4,39) 


In Equation 4.39 we have a matrix reduced to partitioned diagonal form, 
which in general will not be diagonal in terms of its individual elements. If 


eee 
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it is desired to reduce A to diagonal form in terms of its elements, an addi- 
tional operation may be applied to Equation 4.39, leaving as a result unit 
matrices in diagonal positions. 


A," 0 A; 0 =|I 0 
ἢ (—B, A, *As + Bo)* | 0 —B,A,"1Az + Bo oO 1] | 


(4. 40) 


Here the prefactor can be absorbed into the prefactor of Equation 4. 38, so 
that the whole reducing operation assumes the form 


PAQ =I 


4.4 THE RANK OF A MATRIX 


In the preceding section we had occasion to point out that not all matrices 

of the same order are equivalent. In the present section we introduce the 
important concept of rank of a matrix, and show how it can be used to identify 
and classify equivalent matrices,a problem often encountered in applications 
of matrix algebra. 


The rank of a matrix is a number equal lo the order of the highest order 
non-vanishing minor, that can be formed from the matrix, The rank is 
usually denoted by the letter r. The definition applies to both square and 
rectangular matrices. 


To illustrate the definition we consider some numerical examples. 


Square matrix of order 3 x 3: 


The determinant of this matrix vanishes,as can be seen on subtracting 

(3 x column 1) from column 3. Hence its rank is less than its order -r< 3. 
Next we proceed to evaluate minors of order 2 x 2 to see whether they 
= The top left hand minor equals 14, hence the rank of the matrix is 
t= ἃ. 


Square matrices of order 2 x 2: 


fal be 


The determinant of the first matrix vanishes, hence its rank is r= 1. The 
determinant of the second matrix equals —2, hence its rank is the same as 
its order,r = 2. 
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Rectangular matrices of order 3 x 4 


1 6 ἃ OL 206 0 
13 400 ἃ ἢ 12 14 
903 2 (3 8 § 4a 


On evaluating the left hand minor of the first matrix it is seen that it equals 
4, hence the rank is r = 3, All possible minors of order 3 x 3 taken out of 
the second matrix vanish, therefore its rank must be r < 3. Since the top left 
hand minor of order 2 x 2 does not vanish the rank is r = 2. 


The above example demonstrates that the rank of a rectangular matrix can 
at most equal the number of its rows or columns, whichever is less. 


The rank of diagonal matrices is easily ascertained by inspection, Thus the 
matrix 


o Oo & 
oOo ὦ ὦ 
oc oS ὦ 


is of rank r = 2, because the minor of order 2 x 2 obtained by striking out 
the second row and column is ab. It is assumed that both a and b are non 
zero numbers, 


A useful fact regarding the rank of matrices subject to elementary opera- 
tions can now be established, 


We have noted on pages 123 and 128two important properties of determinants 
of square matrices. First, the vanishing or otherwise of the determinant 
remains unaffected under elementary operations, Second, the fact that the 
determinant of a matrix vanishes or not applies to all equivalent matrices, 


From the foregoing we can draw two limited conclusions. First, when the 
rank of a square matrix equals its order r = n, the fact is unaltered by ele- 
mentary operations. Second, when the rank is less than the order of the 
matrix r <n, this fact is also unaltered by elementary operations. The same 
observations apply to equivalent matrices, since they are related by elemen- 
tary operations. 


It is possible to establish a much more far reaching and useful theorem con- 
cerning the rank of matrices under elementary operations. We shall now 
show that fhe vank, whatever its value, of any matrix, square or rectangular, 
remains unchanged under elementary operations. In other words, equivalent 
matrices have the same yank. 


To prove the theorem we must consider what happens to the minors when 
the rows and columns of a matrix are subjected to elementary operations. 
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It is important to note that minors are affected more severely than deter- 
minants of square matrices by the operation of adding multiples of some 
rows or columns to a given row or column, Whereas for determinants such 
operations are covered by Rule 5 p.49 this does not apply to minors. The 
operation 


row; + A,row, + Agrow, +--+ + A,TOW, (4.41) 


may introduce into a minor containing the i-th row, the elements of a row it 
did not contain originally. Despite this difficulty we can show that such 
operations do not affect the vanishing of minors. 


We consider a matrix A and single out for attention one of its minors con- 
taining the i-th row. The minor, which is assumed to be of order 

(r + 1) x (r + 1), will be denoted by the symbol |A;|. The matrix A is now 
subjected to the operation (4.41). As a result the minor containing the i-th 
row of the modified matrix will be much more complicated than |Aj|. In fact 
this complicated minor, when expanded in terms of the elements of its i-th 
row, will have the value 


|Aj|+Aq]Ay|+Ag|Ag| + +++ +AK/A| (4.42) 


where |A,|,|A.| etc. are minors which differ from |Aj| by having the 1st, 
2nd etc. row substituted for the i-th row. It follows from (4.42) that if all 
minors of order (r + 1) x (r + 1), taken out οι the matrix A, vanish, then all 
minors of the same order, taken out of the matrix modified by the operation 
(4.41),also vanish. Similar remarks apply when columns are subjected to 
the operation (4. 41). 


The other elementary operations can affect only the sign of a minor but not 
its numerical value, Hence, if all minors of order (r + 1) x (r + 1) inA 
vanish, then all minors of the same order in B = P A @ also vanish, where 
P and @ represent elementary operations, Therefore the rank of B cannot 
exceed the rank of A. 


As it can be shown (see p. 127) that Ρ 1 and Q~+ also represent elementary 
operations, the same conclusion applies to A = P-1BQ7-1. Hence A and B 
must have the same rank. 


The reader should retrace the steps of the foregoing argument on the 
example of a rectangular matrix of low order, 


Using the concept of rank, and the above theorem on the rank of equivalent 
matrices, it is possible to classify matrices according to the form they 
assume aiter reduction to diagonal form. 

As a first step we reduce to equivalent diagonal form an arbitrary matrix 


A of order m Xn and of rank r < m,n, using the procedure for partitioned 
matrices outlined on p.128. A being of rank r,the greatest non-vanishing 


OR a Βα 
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minor that can be found inside it is of order r x r. The reduction starts with 
interchanges of rows and columns of A, designed to bring such a nonvanishing 
minor into the top left hand corner, The rank of A remains, of course, 
unchanged under this operation. This accomplished, A is partitioned accord- 
ing to the scheme, 


A= Ay Ag | 
By Be | (4. 43) 


where A, is of order r x r and therefore non-singular. Next we remove the 
submatrix B, by means of a suitable premultiplication. 


I 0.}}] A, Ap |=] 41 Ag 
—B,A,71 ] By Be [9 —By,A,"*Ap + Bo (4. 44) 


At this point we interrupt the reduction procedure to show that the submatrix 
in the bottom right hand corner of Equation 4.44 is a null matrix. For, if this 
were not the case, we could use a non-zero element from this submatrix and 
join it on to A,, together with a row of zeros anda column from A,. E.G. for 
A, of order r Xr = 2 x 2 we would find 


411 412 p 
491 ago q 
0 0 d 


The determinant of this submatrix of order (r + 1) x (r + 1) = 3 Χ 8 does not 
vanish, contrary to the hypothesis that the original matrix A was of rank r, 
Hence we must accept it that the submatrix —B,A,~!A, + B, consists 
entirely of zeros, and therefore the right hand side of Equation 4. 44 is really 
of the form 


Sie 4 (4, 45) 


With the help of a postmultiplication (4. 45) can be reduced to diagonal form 
in terms of submatrices. 


Ai Α. f —A,~+Ay |= Ay υ 
ῶ Ὁ 0 ] 0 ἢ (4. 46) 


As a final step in the reduction of A to equivalent diagonal form, Equation 
4.46, right hand side, can be made to have unit elements in the diagonal posi- 
tions of A,. 
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A,-1 o|[ A, ol=[71 0 
(OT oO ὃ 00 (4. 47). 


At each stage of the foregoing argument the reader should check that all the 
products of submatrices can actually be formed. Moreover, at no stage was 
it necessary to take reciprocals except Α "1. 


The result (Equation 4.47) should be compared with the closing paragraphs 
of the preceding section. There it was stipulated that the matrix dealt with, 
was both square and nonsingular, This was equivalent to the assumption that 
its rank was equal to its order, and consequently the resulting diagonal form 
was a unit matrix. By contrast, Equation 4. 47 applies to any matrix of rank 
r, square or rectangular, 


From Equation 4.47 we see that every matrix of rank y can be reduced to 
an equivalent form having exactly y non-zero elements in ils leading dia- 
gonal positions, Moreover, since all matrices of the same order and rank 
can be reduced to the same form, they are equivalent. It is perhaps in this 
connection that the rather abstract concept of rank assumes its most con- 
crete shape. The reader is encouraged to visualise the form of Equation 
4. 47 whenever the rank of a matrix is mentioned. 


4.5 SOLUTION OF HOMOGENEOUS LINEAR EQUATIONS 


We are now sufficiently equipped with methods of matrix algebra to tackle 
the solution of systems of homogeneous linear equations. The reader's atten- 
tion was drawn to this problem in Chapter 2 (see p.58), where it was 
emphasised that the methods available then were inadequate to attempt a 
solution, 


We start straight away with the general case in which the number of unknowns 
is not the same as the number of equations, so that the matrix of the system 
is rectangular. The problem will be considered on the example of a system 
for which the number of equations is m = 3 and the number of unknowns is 
n= 4, The matrix of the system is assumed to be of rank r = 2. In parallel 
with the example we shall write out the general case. 


@11X1 + AyQXQ + A13X3 + Ay 4X4 = 0 
Ag 1X1 + AgoXy + 823Χ5 + Ag 4X, = ῦ 
31X41 + AgoX2 + Ay3X3 + Ag yXq = 0 (4, 48) 
AX =0 
The equations are assumed to be so arranged that the minor of order 2 x2 


in the top left hand corner does not vanish. It is then possible to rewrite 
Equations 4. 48 in the partitioned form 
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431 8.32} 835 8.834 X3 


A, Ac || x; |=0 
B, Bog || Xe 


Both sides of Equation 4. 49 can now be premultiplied by a matrix P, selected 
according to the principle explained at the close of the preceding section. As 
a result Equation 4. 49 assumes the form 


(4. 49) 


PAX = O 


(4. 50) 


This means that the number of equations has been effectively reduced. 
Writing our example in full, we are left with only 2 equations. 
@11X1 + 87.Χ) + a 3X3 + a, 4X4 = 0 


The reader should note that the linear operation on rows of A, performed by 
the matrix P above, is equivalent to the familiar procedure of adding multi- 
ples of the first two equations to the third. In our example the latter 
vanishes, 


Equations 4.51 are next rewritten in the torm 


@1 1X1 Ἔ AyQXo = —A1 3X3 — Ay 4X4 
δι, 1X1 + ΒΘ, ΧΩ = —AggX4 — Ag 4X4 
Ask. = A,X; (4, 52) 
To solve Equations 4. 52 we substitute any numbers for x, and x, and reduce 


the problem to the simple form dealt with in Chapter 2. The values of xX, and 
X» are 


X, τ -- Αἰ AoXe (4, 53) 
The reciprocal A 7} can be formed because we assumed that the rank of the 
system was 2,and a non-vanishing minor of order 2 x 2 was brought into the 
leading position. 
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The values of the unknowns thus found clearly satisfy Equation 4. 52, but to 

form a solution of the original system (Equation 4.48), they must also satisfy 

the last equation. This we now verify in the general case by direct substitu- | 
tion, Referring back to Equation 4. 49 we must show that the equation 


is satisfied on substitution from Equation 4. 53. 


According to the argument preceding Equation 4. 45 the bracketed factor in 
Equation 4. 54,is a null matrix, hence Equation 4. 54 is satisfied whatever | 
values were chosen for ΧΩ. 


The solution of the foregoing example was arbitrary to the extent that we 
were free to assign arbitrary values to the unknowns x, and x,, In general 
it is possible to assign arbitrary values to as many unknowns as are in 
excess of the rank of the system. Thus if the rank of our example were 

r = 3, the non-singular submatrix A, would be of order 3 x 3, and we would 
be free to assign an arbitrary value to x, only. 


It now remains to deal with the extreme case where the rank of the system 
equals the number of unknowns. As this is only possible in the square case, 
or in cases having an excess of equations over the number of unknowns, we 
can partition the system as follows: 


AX=0O 


(4, 55) 


Here A, has been arranged to be non-singular. From Equation 4. 55 we can 
write 
A,X =0, BX =0 
and since A, is nonsingular both sides of the first equation can be premulti- 
plied by A,“?. 
AytAyX=X=0 (4. 56) 
From this it follows that when the rank of the system equals the number of 
unknowns, the lattey must necessarily be zero, In the square case this 


result becomes the familiar statement that if the determinant of the system 
does not vanish, only the trivial, vanishing solution is possible. 


L 
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Summary of solution 


1. Find the rank r of the system, If r is less than the number of unknowns 
a non-trivial solution exists. 


2. Pick out r equations with at least one minor of order r xr not zero. 
Denote the minor by A,. 


3. Solve for r unknowns X, according to Equation 4. 53. 
X, = “AytAX, 


where the excess unknowns Χο are given arbitrary values, 
4. Remaining equations are automatically satisfied. 


4.6 NON-HOMOGENEOUS EQUATIONS—THEIR CONSISTENCY AND 
SOLUTION 


In Chapter 2 it was explained how to solve by matrix methods a system of 
non-homogeneous linear equations in the simplest case. This is the square 
case, in which the number of unknowns equals the number of equations, and 
the matrix of the system is nonsingular, so that its reciprocal can be formed. 


We are now sufficiently equipped to tackle the general case, in which the 
number of unknowns does not equal the number of equations, and the matrix 
of the system is rectangular. We shall follow a similar line as we did with 
homogeneous equations; an example will be written out in full, and in parallel 
the general case will be explained. We take as an example 3 equations in 4 
unknowns, and assume that the rank of the system is r = 2. 


8.111) + AyoXo Ἢ @4gX%5 + ay4X4 = hy 


@g4X4 + AgoXy | + Ag3X3 + AgyX4 = hy 


@g4Xq + AgoXe |+ AggXy3 + Agy4X4 = hg 
AX =H (4, 57) 


The above equations are arranged to have a non-vanishing minor of order 
r = 2 in the leading position, The general form of the equations is now par- 
titioned according to the scheme 


Ay Ao | Χλ ΞΞ Ay 
By Be || Xe H» , (4, 58) 


which corresponds to the dotted lines in Equations 4.57. Applying a suitable 
elementary operation to the rows of A the submatrices B, and B, can be 
removed (see p. 132). 


DEVELOPMENTS OF MATRIX ALGEBRA 137 
PAX = PH=G 


F τὸ ied = ᾿ i 
δ. ἢ 5 a (4. 59) 


On Equation 4.57 this operation takes the form of adding suitable multiples 
of the first two equations to the third, with the result that the left hand side 
of the latter vanishes, Denoting the multipliers by c, and cy we obtain 

31%, + 81.) Χ) + 815Χ5 + A, 4X4 = ἢ) 

Ap 1X1 + AgeXe + 85)3Χ5 + Ag 4X4 = hg 
Using general symbols, Equations 4. 60 have the form 

A,X, τ Ν Α.Χὰ ΞΞ G, 

0 = Gs, (4.61) 

Before we attempt to solve the equations we must consider the question of 
their consistency or compatibility. Unless the column vector of constants 
on the right hand sides of Equations 4,57 is such that the third of Equations 


4,60, or the second of Equations 4.61 is automatically satisfied, the equa- 
tions are inconsistent or incompatible. 


A test for the consistency of a system of equations is found by comparing 
two matrices. 


} 411 412 413 814 }, | 411 412 413 414 hy 
821] 822 423 824 | 821 8:22 823 8.24 he 

[ 0 0 0 0 0 0 0 0 (hs — Cyhy, - Coho) ] 
A, Ab |, A; Ag 6. 
0 0 Gua: ὅς (4, 62) 


The right hand matrix is called the augmented matrix of the system, From 
(4,62) we can see the condition of compatibility of a system of equations. 
Since for consistency the submatrix Gy (which equals hg + c,h, + Cghg) must 
vanish, it follows that the rank of the augmented matrix must be the same as 
the rank of the matrix of the equations. As the partially reduced matrices 
(4.62) have been obtained from the original matrices of the system by ele- 
mentary operations which do not alter rank, the foregoing condition can be 
expressed as follows 


Ϊ 811] 812 813 Aya], | 811 312 815 814 hy 
821 82.) 423 824 ἢ 
831 832 833 434] | 831 832 8339 834 hg (4. 63) 


A, [Ad] 


a91 80.» 823 824 
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A syslem of equalions is consistent if the rank of 
its matrix and lhe augmented matrix is the Same 


Assuming now that the given equations are compatible we can go on to solve 
them. Since in our example the third equation assumes the trivial form 

O = Ο we are left with only two to consider. The system is rewritten in the 
form 


211% + 812)Χ) = —Aj3X3 — 8, 4Xq + hy 
Ag 1X1 + AggXo = —AggX3 — Ag 4X4 + hg 
A 14 = —AyXo + σ᾽ (4, 64) 
The unknowns x, and x, can now be given arbitrary values. This done, 
Equations 4,64 assume the form 
@2 4X1 + 822 Χ) = fy 
A,X,=F, (4, 65) 


where A, is non-singular. The final solution is 
X,=A,"'1F, (4, 66) 


by the basic method of Chapter 2. 


The values of the unknowns thus obtained clearly satisfy the first r (=2) 
equations of the system. That they also automatically satisfy the remaining 
m — r (ΞΞ 1) equations can be verified in the same way as was done for homo- 
geneous equations in the preceding section. 


It is instructive to consider what happens when the values of x, and x, in 
Equations 4, 64,are so chosen that the right hand side of those equations 
reduces to zero. We are then left with a set of 2 homogeneous equations in 
2 unknowns and rank 2, By Equation 4, 56 the only possible solution is 

ΧῚ =X, = 0. However, together with the previously chosen (finite) values of 
X, and x, we have, in fact,a non-trivial solution of the original system 
(Equation 4, 57). 


Summary of solution 


1. Check for consistency by comparing the rank of the matrix of the sys- 
tem with the rank of the augmented matrix. The rank r must be the 
same for both matrices. 


2. Pick out r equations with at least one minor order of r Χ r not zero. 
Denote it by A,. 
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3. Solve for r unknowns X, according to Equation 4. 66. 
X, =A, 1F, 
where the excess unknowns X, are given arbitrary values. 
4. Remaining equations are automatically satisfied. 


4.7 LINEAR DEPENDENCE 


Whenever we deal with a set of algebraic entities such as scalar numbers, 
functions, vectors, or matrices, we can attempt to form what is known as a 
relation of linear dependence between them. By this we mean an equation 
of the form 


where the c-s are scalar constants and the f-s are, say, column vectors or 


some other algebraic entities under consideration, 


If the Equation 4.67 is possible with at least one of the c-s nol zero, the f-s 
are said to be linearly dependent. If all the c-s have to be put equal to zero 
to satisfy the above equation, the f-s are said to be linearly independent. 

If the f-s happen to be linearly dependent, it is always possible to express 
one of them in terms of the others by an equation of the form 


— ) kf; 
: (4.88) 


ji 
Written in this way the f; is said to be a linear combination of the remaining 
fi. 
J 
As an illustration of the foregoing concepts we write out in full the example 


of 3 column vectors, each containing 3 elements. A relation of linear depen- 
dence between them assumes the form 


C,f, + Cofo + Caf, = 


+ Col 87η0 | + Cul 81» | =O 
| &22 a23 
a32 a33 (4. 69) 


If the column vectors can be made to satisfy the above equation, with at 
least one of the constants cj not equal to zero, they are said to be linearly 
dependent, The cj are called constants of linear dependence. 


Assuming that this is the case and that, say,c, does not vanish, the equation 
can be rewritten in the form 
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Transposition of Equation 4.73 makes it clear that it is of the same basic 


saad (eee Paid! Ὁ form as Equation 4.11. 
“22 | 3.23 22 Equation 4. 71 gives the relation of linear dependence in matrix form in the 
a32 | a33 a31_| (4. 70) special case where the number of vectors is the same as the number of ele- 
ments in each vector. In this case the vectors form a square matrix when 
which is analogous to Equation 4,68, Written in this way the column vector assembled together, Relations of linear dependence can be formed in more 
on the left is expressed as a linear combination of the remaining vectors. general cases, in which the number of vectors does not equal the number of 
ies SELON τως , lements in each vector. The matrices obtained in such cases are rectangu- 
The above example of linear dependence between column vectors can be put Ξ ἜΘΙ 4 
into matrix form, and when this is done we find that it takes us straight into lar,as in the following example of 4 vectors, each having 3 elements. 
the problem of solving homogeneous linear equations. Multiplying the vectors | im " er a ig 
in Equation 4.69 by their associated constants and adding them matrixwise, Ci) 411 | + Cg] 812 C3] 813 4] 414 | = 
we obtain the following matrix relation: 8.15 ἄπο 223 ye 
C1811 + Coai2 + Caai3 | =0 413 432 #33 234 4. 74) 
C1a91 + Cpag2 + 053823 Matrix form of Equation 4. 74: 
C1a31 + Ceage2 + 03833 | 
rer 811 412 815 8:14} [61 [Ξῦ 
The reader will recognise that this is equivalent to the form 821 8522 829 aga | | co 
| 441 412 813 | Ci |= 0 431 432 9233 434 C3 
821 822) 423 || ©2 C4 (4, 75) 
831 432 433 } 03 AC=0 
AC=0 (4. 71) With the help of our knowledge of homogeneous equations we are now in a 
position to state the general condition under which a set of vectors is 
ἘΠ 5 linear eauations. with the c; in the linearly dependent. Since the constants of linear dependence can be consi- 
ae Hi = uy ΒΥΒΡΒΕΣ ΟΣ ὈΟΙΒΟΒΘΆΘΟΜΒ ΠΗ͂ΘΟΤ Ne: | dered to be the unknowns in a set of equations, they can be given non-zero 
; values if the rank of the system is less than the number of constants. 
Relations of linear dependence may exist between row vectors as well as other words, the matrix made up of the given vectors must be of lower rank 
column vectors. The possibility is shown by the following example of 3 row than the number of vectors. This statement applies to both columns and rows. 


vectors, each having 3 elements. Expressed in terms of minors the above condition means that all minors of 

Γ αὐ | . jeer. order equal to, or greater than the number of linearly independent vectors 
81: 812 819 [821 22 829] = 1s aga 482 895 = | must vanish. In the square case, linear dépendence of both rows and columns 
(4. 12) implies the vanishing of the determinant of the associated matrix. 


In the above example, Equation 4.75, the linear dependence of the 4 columns 
is assured, since the rank of the matrix can be at most r = 3. Hence Equation 
4, 14 can be written down always, with at least one of the c-s not equal to 


The l-s are constants of linear dependence. If at least one of them does not | 
vanish, the vectors are linearly dependent. Equation 4,72 can be put in mat- 
rix form as follows: 


zero. 
E lo 1s | | aya 821 831 | =O The 3 rows of the matrix on the left hand side of Equation 4. 15. will be 
linearly dependent only if the rank is r < 2. If r = 3 the rows will be linearly 
812) 422 432 independent. 


818 423 433 In the square case, exemplified by Equations 4.69 and 4.71, the condition of 


ae ree (4. 73) linear dependence for both rows and columns is that the rank of the square 
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matrix must be less than its order. In other words the determinant of the 
matrix must vanish. The associated system of homogeneous equations then 
has a nontrivial solution, and a non-zero set of constants of linear dependence 
can be found, It should be noted that the condition of vanishing determinant 

is implied by Equations 4,69 and 4,70 and Rule 5 of determinants. The rela- 
tion of linear dependence represented by Equation 4. 70 means that when 
suitable multiples of the first and third columns are subtracted from the 
second column, the latter will vanish. 


It follows from the foregoing discussion that the rank of a matrix and the 

linear dependence of its rows and columns are largely interchangeable con- 

cepts. When we say that a matrix is of rank r, we imply that (r + 1) rows or 
columns of this matrix will be found to be linearly dependent, or that we can 

find r linearly independent rows or columns in the matrix. Conversely,a 

matrix which contains r linearly independent rows ur columns is of rank r. 


The terminology of linear dependence is frequently applied to systems of 
equations. When it is stated that a given set of homogeneous equations is 
linearly dependent, it is meant that the rows of its matrix are linearly 
dependent. As this implies that the rank of the system is less than the num- 
ber of equations, the excess of equations over rank can be got rid of with 
the help of an elementary operation as in Equations 4. 50 or 4.51. If, more- 
over, the number of unknowns is greater than the rank of the system, we are 
assured of a nontrivial solution by the method of Section 4.5. When a set of 
non-homogeneous equations is said to be linearly dependent it is meant that 
both sides of the equations are linearly dependent. This implies that the 
rows of the augmented matrix are linearly dependent. It should be borne 

in mind, however, that this does not necessarily mean that the equations 

are consistent and soluble. 


The concepts of linear dependence of vectors and rank of matrices are very 
important and frequently used. The reader is advised to refer back to this 
section, and the section dealing with rank, until he has fully grasped the 
meaning and implications of these terms. 


4.8 THE EIGENVALUE PROBLEM ASSOCIATED WITH A SQUARE MATRIX : 


When the equivalence of matrices was explained in an earlier section it was 
found that a given matrix could be reduced to diagonal form in a variety of 
ways, each resulting in different values for the diagonal elements. The dif- 
ferences between the individual reductions resulted from our freedom to 
carry out the requisite elementary operations on rows and columns in dif- 
ferent sequences. In this section we propose to introduce an altogether 
unique method of diagonalising a square matrix, which always yields the 
same diagonal form. Since the subject comes up in many important applica- 
tions it deserves close study. 


To approach the problem we go back to linear transformations as introduced 
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in the opening section of Chapter 2. There we found that a linear transfor- 
mation of the form 


x‘) = AX (4, 76) 


could be visualised as a transformation of points, or point transformation, in 
a fixed system of coordinates. Here we note that a point transformation may 
be conceived as a transformation of vectors, which radiate from the origin 
and have components equal to the coordinates of points, Thus the transfor- 
mation (Equation 4.76) may be represented in 2 dimensions by Fig. 4.1. 


pe 


Fig. 4.1 


We now ask the question whether it is possible to find a vector X, which will 
be transformed by a given square matrix A into one of the form X"1) =aX, 
It should be noted that the new vector has the same direction as the original 
one, but differs from it in length (see Fig.4.2)..We shall find that the answer 
to our question is in the affirmative, that usually a number of such vectors 
exists, and when trying to find them we shall also discover a method of dia- 
gonalising the square matrix A. 


We shall solve. the problem in general terms but in parallel we shall also 
write out the special case of order 2 Χ 2°‘as an illustration. 


The question is formulated by the equation 


AX =X 


811 812 Xy | =A) Χ1 
| a9] ago. | Ko Xy (4.77) 


144 MATRIX ALGEBRA 


The right hand side of Equation 4..77 can be rewritten using the unit matrix. 


AX =)XIX 
811 4212 Xj |=|A 0] X 
Agi 822 || Xo 0 A] L*X2_ (4. 18) 


Transferring the right hand side to the left we obtain a system of homo- 
geneous equations with a square matrix. 


aii —A aig μι Ξ 
821 β8;)2 λ΄] Xe (4. 19) 


By Section 4. 5, Equation 4. 19 can be solved if its rank is less than its 
order r Φ- ἢ or,in other words, if the determinant of the system vanishes. 
ΙΑ —AaI|=0 


a11—A 812 [Ξ0 


8), 8:5 -“λ 
(4.80) 


The above condition constitutes an algebraic equation of degree n (2 in our 
example). In general we expect n solutions, or n values of the multiplier A, 
each of which can be substituted into the system of Equations 4.79. Each 
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value of A thus found ensures the vanishing of the determinant of the Equa- 
tions 4.79 and hence permits their solution. 


Denoting the roots of the determinantal Equation 4.80 by A; we substitute 
them in turn into the Equations 4.79 and find the corresponding vectors of 
solutions X; by the methods of Section 4.5. 


|} Ay Ay 812 | | Xai | = P=] 811 812 || X1i | =| AGI 
, aay ave -- λὶ | Koj 421 age ΧΩ] AjXei (4, 81) 


We now have the desired answer to our original problem Equation 4.177. 
Vectors transforming according to Equation 4.77 exist. There are in general 
as many possible vectors as the order of the transforming matrix A. Thus 

in 2 dimensions the order of A is 2 x 2,and 2 vectors having the required 
property can be found. 


The foregoing problem and its solutions are of such great importance that 
special names have been devised for them. The problem (Equation 4.77) 

is referred to as an eigenvalue problem. The determinantal equation (Equa- 
tion 4. 80) is called an eigenvalue equation or characteristic equation of the 
problem. The roots A; of this equation are called eigenvalues, or characteris - 
tic roots, or sometimes /atent roots of the matrix A. The solutions 4; of 

the system, Equations 4. 79 are termed eigenvectors, or characicristic 
vectors, of the matrix A. 


Having found the eigenvalues and eigenvectors of the square matrix A, we 
can now use them to diagonalise A,as was suggested in the opening para- 
graphs of this section. As a first step we collect all the n eigenvectors 4j, 
multiply them by the corresponding eigenvalues A;,and assemble them into 
a square matrix of order n xn. 


ΕΞ .... AGM sa An*n | 


λ1Χη),, AgX1z 

AyXv1 AvXear (4.82) 
Next we observe that (4.82) can be rewritten as a product of two matrices 
as follows: 


} AyXyy AgXyo | =] Χι|) Xz AL 
λιχυ] AgXe2 X21 Χυ | 0 


| AaX:. ὙΠ AnXn | =| 


(4. 83) 
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@ is the square matrix made up of the eigenvectors of A placed side by side. 
Ais the diagonal matrix having the eigenvalues of A for its diagonal elements. 
The product QA thus contains all possible values of the vight hand side of 
Equation 4,81, after the eigenvalue problem has been solved. 


Likewise we can collect all possible values of the left hand side of Equation 
4.81 into a single square matrix of order ἢ X ἢ, and then express it as a pro- 
duct of two square matrices. 


[ AX, AX, .... AXj .s.. AX, |= AQ 


811 81: |} X11 Ι 831. age || X10 | |= 
€@21 8.22 || X21 8.21 822 || Χ22 


ie Xj, + Ay2%91 811 Χχ. + 81} _ = AQ 


8.1 11] + AagegX%e1 821 Xn + Ave Xe 


(4,84) 


As a final step in the diagonalisation procedure we equate the Expressions 
4.83 and 4.84, as we can do, by virtue of Equation 4. 81. 


AQ=QA 
IAN y ANa «0s AX; in. ὦ ΡΥ ΡΤ Ὁ 
Premultiplication of both sides of Equation 4.85 by Q 7! yields the result 


QIAQ=A 


Xia Xiz | 1 | aga 812] X12 Xy2 |=] AL Ὁ 
X21 X22 avy 822 [] Xo, Xey | O Ag 


According to Equation 4. 86 a square matrix is reduced to a diagonal form 
having its own eigenvalues as diagonal elements. The result is obtained 
through the use of one matrix @, made up of the eigenvectors of A. The 
diagonal form Equation 4. 86 is sometimes called the canonical form of 
the square matrix A. The reduction @!A@ is referred to as a similarily 
transformation. 


(4. 86) 


The diagonalisation procedure outlined above is subject to certain limitations. 


In the first place the eigenvalue equation, Equation 4. 80, may not have the 
full complement of n distinct roots. In such cases difficulties may be encoun- 
tered in constructing a nonsingular transformation, matrix @ from the eigen- 
vectors of A,and hence in working out the diagonal form A. It is beyond the 
scope of the present treatment to go into these difficulties, but one general 
rule will be stated without proof. If the n eigenvalues are distinct, it can 

be shown that the corresponding eigenvectors are linearly independent. 
Hence the reducing matrix @ is of rank n and therefore nonsingular, The 
reduction is then always possible. 
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Finally it should be noted that the reducing matrix @ can be built up of row 
eigenvectors of A instead of columns. In such cases the eigenvalue problem 
(Equation 4.77) is formulated as follows: 


fs πῆ] [ὲ με] τῆι πὶ 


Δ9])] 8.22 


As there is no basic difference between this set of equations and Equation 
4.77 the procedure follows the same lines as above. 


Equation 4.86 can be given an alternative interpretation to the one explained 
above. Rewriting it in the form 
A= ῷλῷ (4. 87) 
we see that the mairix A has heen decomposed into a product of three factors. 
The factors are of a special form,as they include the diagonal form of A and 
the matrix @, which consists of eigenvectors of A. When discussing appli- 
cations in the chapters to follow, we shall find the point of view embodied by 
Equation 4.87 very useful. It will help to resolve several difficult problems. 


The geometrical meaning of the eigenvalue problem mentioned at the begin- 
ning of this section lends itself to an instructive extension. A transformation 
of points, or radius vectors, represented by the matrix A in one system of 
co-ordinates will no longer be represented by this matrix if the co-ordinates 
are changed. To find the form of the transformation matrix in the new co- 
ordinates let us write 

Y = RX (4, 88) 
where Y represents the new co-ordinates of the original:point P. Similarly 
the co-ordinates of the transformed point P"? in the new frame of reference 
are 

y ‘2? = Rx‘) (4. 89) 
The points are best thought of as fixed to the sheet of paper in Fig.4.3, while 
the co-ordinates OX,X. are transformed into OY,Y.,. Let us now substitute 
the above expressions into the transformation 


X‘)= AX 
We find 
ΗΠ =AR-ly 
Premultiplication of both sides by ἡ yields 


Y"’=RAR-1y =BY (4. 90) 
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χ; 


Aor 8= RAR 


Fig. 4.3 


Hence the matrix B, which transforms the point P into P‘’ in the new system 
of co-ordinates,is obtained from the old matrix A through a similarity trans- 
formation. The similarity transformation involves the matrix R, which changes 
the original co-ordinates into the new ones. 


The linear transformation A assumes a particularly simple form in a frame 
of reference obtained through the use of the matrix @ Letting 


R=Q71, Yy=Q71x (4.91) 
we obtain 

Y"’=p-14Q0Y =AY 
or 

δι = Ay 
Hence the problem of transforming the point P into the point P‘!? in this 


particular frame of reference reduces to scalar multiplication of each co- 
ordinate by the corresponding eigenvalue of the matrix A. 


The geometrical relation between the two co-ordinate systems used above is 
such that the eigenvectors of A in the X-system correspond to unit or base 
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vectors in the Y-system. To see this we take the reciprocal of Equations 
4,91 and write it out in full for the unit vector along the y, -axis. 


X -eY 
1 ᾿Ξ] X11] =i 
0 | ἄχ 
0 ae 


The foregoing geometrical example affords a good illustration of the advan- 
tages to be derived from choosing a convenient co-ordinate system in prob- 
lems of applied mathematics. When discussing electrical applications we 
shall have ample opportunity to use the methods outlined in this section. 


4.9 UNITARY MATRICES AND ORTHOGONALITY 


The concepts and methods introduced in the preceding sections will now be 
applied to some special types of matrices which are of importance in appli- 
cations. 


We recall that linear transformations were introduced in Chapter 2 on the 
example of rotations of co-ordinates. In two dimensions a rotation is repre- 
sented by the equation 


χι 3) |=] cose sing || x, 
χα --ϑίηθ cosé || ΧὩ] (4, 92) 


The matrix of this transformation provides an example of an important class 
of matrices called orthogonal. The outstanding property of an orthogonal 
matrix, always real,is the fact that its transpose equals its reciprocal. In 
symbols this is stated as follows: 


A =A 
AA =AA=I (4. 93) 


The reader will check that the matrix (right hand side of Equation 4, 92) 
satisfies this relation, having first observed that its determinant equals 

unity. 

The reason for the name orthogonal matrix derives partly from the fact that 
when used as a transformation matrix it transforms a rectangular co-ordinate 
system into another rectangular system, as exemplified by rotations about 

the origin, Another reason for the name is to be found in the properties of 

the row and column vectors that make up an orthogonal matrix. 
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Taking, say, two column vectors [ajg] and [δι], where s and t are fixed sub- 
scripts, from an orthogonal matrix A, and forming the product 


ais | | ait | (4. 94) 


we find by Equation 4. 93 that it equals either unity or zero. This is so because 

the product is an element of the matrix product A’A. It vanishes when it is 
an off diagonal element, in which case it is composed of 2 different vectors, 
and it equals unity when it is a diagonal element, in which case it is composed 
of one and the same vector. Using the Kronecker 6-symbol these statements 
can be summarised by the equation 


[ais | [ait | = Ost (4. 95) 


Expressed in terms of summations, Equation 4. 95 assumes the form 


2. Mic Ait = Set (4. 96) 


Vectors having the above property are said to form orthogonal sets of vectors. 


We thus see that the rows or columns of orthogonal matrices form orthogonal 
ets of vectors. Orthogonality of real vectors has a simple geometrical or 
physical meaning. Vectors representing displacements, velocities, or forces 
in ordinary three or two dimensional space are orthogonal, when their direc- 
tions are perpendicular to each other. The rows of the matrix of Equation 

4. 92 can be taken to represent a pair of vectors in the plane OXY,anda 
moments reflection will satisfy the reader that they are at right angles to 
each other. 


Products of vectors of the form discussed above are called scalar products, 
because they yield a scalar number, 


It is an instructive example in matrix methods to show that a symmetric 
matrix is reduced to canonical diagonal form by an orthogonal matrix q. 
Thus Equation 4.86 assumes the following form when A is symmetric 


Q-14Q = Q’AQ (4,97) 


To demonstrate this, all we have to do is to show that the eigenvectors Xj, 
which make up the matrix @ in this case, satisfy the relation 


XsAt = Sst 
QQ=! (4. 98) 
To this end we rewrite Equation 4. 81 for the eigenvector X, in transposed form 


λεΐε =X,'A' Ἐ ΧΑ (4. 99) 
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eal ΜΒ ΒΆΡΕΙΣ follows by virtue of the symmetry of A. 
both sides by A-2. 1 Equation 4.81 for tne eigenvector X; and premultiply 
AEX, = AX: 
Az A-~1X, =X; (4. 100) 


Finally we premultiply Equation 4.100 by λεὶ ς΄ and find with the help οἱ 
Bavation-4. οὐ ply Βα yAgX_ and find with the help of 


NX, AA 1X, =AgXy'Xt 
δεῖ, Xe = Χο, Xt 
(Ag — At) X_'X_ = 0 (4. 101) 


Since, in general, we assume that the eigenvalues of A are disti | 
ical 3 t , 
equation can be satisfied only if Fe castinct, the above 
X.'X%+ = 
cata (4. 102) 


This result shows that the off diagonal elements of th ο΄ i 

: | Ε f the product vanish. 
It remains to show that the diagonal elements do not vanish soit pid be made 
equal to unity. | rate 


To prove this we recall that the eigenvectors Xj are non-trivial solutions of 
the system of homogeneous equations (Equations 4. 79), and therefore each 
has at least one non-zero element. Hence the product Χο Χο does not vanish. 


XgX_. + 0 (4, 103) 
Moreover, each eigenvector is arbitrary at least to the extent of a multiplica- 


tive factor, by Equation 4. 53. Choosing this factor suitabl it possi 
: : | makes it | 
to give the scalar product (4.103) the value unity. Ἶ eae 


ἃς ἄς Ξ Ὶ (4. 104) 


This establishes the orthogonality of the matrix @,and 
for a symmetric matrix A. ᾳ, proves Equation 4.97 


Orthogonal matrices are a special case of a more general class of complex 
matrices called unitary. The defining property of a unitary matrix is 


A’ =A-lor A’'A=I (4. 105) 
In words, the Hermitian adjoint of a unitary matrix equals its reciprocal. 


M 
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Example: 


1 
A=] 1 143 
v3 
ἯΙ big (4. 106) 


The reader is invited to write down the Hermitian adjoint and the reciprocal 
of this matrix and satisfy himself that it is unitary. 


The rows and columns of a unitary matrix can be said to form orthogonal 
sets of vectors,if a generalised definition of the scalar product is adopted. 
Instead of Equation 4,94 the scalar product of complex vectors is defined to 
be 


ais Lait | ra 7 Ajstit (4. 107) 


i 


Following this definition it can be seen from Equations 4.105 that the rows 
and columns of unitary matrices are orthogonal because they satisfy the re- 
lation 


[ais] [ait ἡ Σ ajstit = Sst (4. 108) 


i 


Unitary matrices are a generalised form of orthogonal matrices in a similar 
way as Hermitian matrices are a more general form of symmetric matrices. 
Hence we may expect that a Hermitian matrix is diagonalised by a unitary 
matrix according to a suitable modification of Equation 4.97. 


Q1He= 9 HO (4. 109) 


Equation 4.109 is proved in the same way as Equation 4. 97, except that the 
generalised definition of the scalar product, Equation 4. 107, must be used. 


4.10 DIFFERENTIATION AND INTEGRATION OF MATRICES 


Matrices whose elements are functions of one or more independent variables 
are frequently encountered in applications. In the work to follow we shall 
have occasion to deal with vectors whose elements are functions of time, and 
we shall find it necessary to differentiate and integrate them. In the present 
section we introduce the notation and definitions customarily used in this 
connection. 
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The functional dependence of a matrix is denoted in the same way as that of 
an ordinary function. Thus,if all elements of, say, a column vector are func- 
tions of time we write 


X= X(t) =| κι 
xy(t) 
x(t) (4.110) 


The various circuit matrices discussed in Chapter 3 are in general functions 
of frequency. To emphasise its dependence on frequency the admittance mat- 
rix of a two-port network may be written as follows: 


Y(w) =| yiil~) yiz(w) 
Vail) Yoo() | (4.111) 
Differentiation of matrices of the type of Equations 4.110 or 4.111 means 
the differentiation of each element with respect to the independent variable. Thus, 


the first time derivative of the vector on the right hand side of Equation 4.110, 
is 


x(t) = ox: (t) =| xilt) |= Xb 
<x2(t) x»(t) 


d : | . 
quit X(t) (4.112) 


As in the case of ordinary functions, the functional notation is dropped when- 
ever it is clearly implied by the context, Equation 4,112 then simplifies to 
the form 


ax χ | 
Gt (4.113) 
From the foregoing definition it follows that the differential operator can be 
treated as a scalar factor premultiplying the matrix, element by element, as 
laid down in Chapter 2, and in full analogy to differential operators appiied to 
ordinary functions. 

The differentiation rule, Equation 4.112, can be given an obvious kinematic 
interpretation. If the column X(t) represents the position vector of a point as 
a function of time, its first derivative X(t) is the velocity vector of the point. 
The second derivative X(t) is then the acceleration of the point. 


Integration of matrices follows the same pattern as differentiation, in that the 
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integration operator can be treated as a scalar factor multiplying all matrix 
elements, Thus we write by analogy with Equations 4.112 


[x(t)at = | [x,(t)at | = | xat 


[xo(t)at 
| (4,114) 
[ x(t)at 
A more complicated example is 
ePt 0. |} u,(t) [dt = [6 Ptuy (αι 
(4. 115) 


0 e Pt |} υγ() fe~Ptu(t)at 
Integrals of the form of Equation 4. 115, will be encountered in connection 
with the Laplace transformation. 


4.11 FUNCTION OF A MATRIX 


The multiplication rule of matrix algebra allows us to multiply a square mat- 
rix by itself repeatedly. In this way any integral power of a square matrix 
may be formed. For example, given the matrix A, the expression A” can always 
be worked out. 


By analogy with the scalar power x" we can regard A” as a simple function of 
the matrix A, which will assume a variety of 'values',according to what 
numerical elements are inserted into A. 


Drawing on the operations of multiplication by a scalar and addition of mat- 
rices, we can go on to form more complicated functions of matrices, analogous 
to scalar polynomials. Thus the expression 


f(A) Ξ 3.3 +bA2+cA (4, 118) 


describes a well defined square matrix f(A), obtained from A according to 
the prescription on the right hand side of Equation 4.116. Substitution of a 
variety of elements into A will yield a variety of matrices f(A). which can 

be called the values of the function. 


A natural extension of a polynomial function is an infinite power series. 
Since the formation of a power series requires the operations of multiplica- 
tion and addition only, we can form power series of matrices. Thus, by ana- 
logy with the scalar exponential function 

1 1 1 


οὐ, bole eee he 


Ἴ τ ΣΝ + eee. 


we can form a function of the matrix A. 
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An + (4.117) 


= 3) 1 1 1 
(A)=eAaI+ ΤΑ +5 A? +.... +54 


The above example suggests that we take as the definition of a function of a 
matrix, {(A), the Taylor series expansion of f. We recall that the Taylor 
series of a scalar function f(x) is 


or 
n 
x)=) (=) (x — a)? 
- ay dx? x39 (4. 118) 
n=0 
and we define f(A) to be the matrix 
= n 
{(A) = 2) (A — al)" 
=~" dx" /y_a (4.119) 


The power series definition of a function of a matrix assumes a relatively 
simple form when the matrix is diagonal. As an example let us write down the 
exponential function of the matrix 


0 dz 0 
[Ὁ ὃ ads 
{{Π} =e? = 
oe teen 
dro +... 0 0 
0 11 ἀ» τ ido? +... 0 
tis 
0 0 1+ds + 57ds" +... 
eP={[el1 g 0 
0 edz 9 
lg ὃ. 885 (4, 120) 


The function e” consists in effect of three distinct scalar exponential func- 
tions. 


The above example is typical of all functions of diagonal matrices, They con- 
sist of as many scalar functions of the same form as there are diagonal ele- 
ments. 


We are now in a position to introduce an important generalisation of the eigen- 
value relation, Equation 4. 77. We shall show that if 


AX τ ΛΧ 


156 MATRIX ALGEBRA 
then 
f{(A)X = f(A) X (4,121) 
where f(A) is any function of the matrix A defined by Equation 4.119 above. 
In the first place we observe that 
A*X =AAX = Αλχ = ΛΑΧ = APX (4,122) 


(see p.34 Chapter 2). Equation 4.122 can be extended step by step to any 
power A", Next we write 


(AT +AS)X =ATX + ASX = (AT + AS)X (4,123) 


Again this can be seen to apply to any number of terms. Finally we form the 
relation 


= nh 
(A)X = ‘a 1(5Ὶ (A —al)2x 
bang NER xn (4.124) 


Expanding the bracketed expression (A — a/J)" in powers of A, applying Equa- 
tions 4,122 and 4.123 and collecting the terms again we find 


x ‘ 
f(A)X = ἧς (5 (A -- a)PX 


n=O 


£(A)X = [(}ἸΧ (4.125) 


Equation 4.125 shows that the operation of {(A) on an eigenvector of A is 
equivalent to multiplication by the scalar {(,) 


The function f(A) can be diagonalised by the same matrix thal diagonalises A 
Thus we can prove that 


a7"£(A)Q = f(A) 


f(A) = o8(A)Q™ (4. 126) 
provided that 


Q-1AQ=A or AQ=QA (4.127) 


_ Equation 4.126 is established by showing first that it holds for a power of A. 
and then extending the result to the power series form of f(A). We write 


Q9-1A"g =Q71A4 (n-1 'AQ 


= Q@-14-1’9A 
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by Equation 4.127. Continuing the process step by step we arrive at the 
result 

QA" =Q7 QM = Mm (4. 128) 
Expressions of the form (4 — 8} present no difficulty once they are expan- 
ded in powers of A. It is then found that 

@-*AraM Tyg = Aan τ ῶῦ 


by virtue of the fact that the scalar matrix αἰ ΤΥ] commutes with any 
matrix. Hence we find 


2-+£(A)O = τῇ ; 1{Ξ3 A -ὄ- al 
Q-4(A)Q a 3. an), 47%) ‘ 


= n 
- 5) a-ar 
n=0 ἜΝ maa 

= f(A) 
We shall see in subsequent work that Equations 4.125 and 4.126 can be used 
to simplify many complicated problems. As an immediate example let us see 
how they can be applied to the exponential function. By Equation 4, 125, the 
operation of e4 on an eigenvector of A takes on the form 


eAx = eX 

The diagonal form of e4 is 
Q-1eA4Q = eA 

or the decomposition of eA is 
eA —~age\g-* 


The Taylor series definition of a function of a square matrix should not be 
confused with the expansion of elements of any matrix in their Taylor series. 
Given any matrix, say a column vector X , whose elements are functions of an 
independent variable,the following expansion can be readily written down. 


A(t) = —| ——XA(t (t —a)® 
Ὰ 1a )). . (4. 129) 


The above expression should be considered to be no more than a condensed 
way of writing the Taylor series for all the individual elements of the vector 
X(t). The powers (t — a)" are merely scalar factors multiplying the ele- 


n 
ments of the matrices (sx ῳ) As such they should be contrasted 
t t-0 


with the factors (A — a/)" in Equation 4.119, which are square matrices. 


Chapter 5 
Differential Equations of Passive Linear Circuits 


The importance of the algebraic concepts and methods introduced in the pre- 
ceding chapter is far reaching, particularly in problems of applied mathe-1 
matics. In this chapter we shall show how to use these methods when dealing 
with differential equations of passive linear circuits. 


As in Chapter 4 no attempt is made to approach mathematical rigour. In- 
stead,every effort is made to explain algebraic procedures clearly and con- 
cisely, and to relate them to physical results. 


5.1 DIFFERENTIAL EQUATIONS OF THE FORCE FREE NETWORK 


In the present section we shall set up the differential equations for the cur- 
rents in a lumped linear circuit without any applied voltage sources. We 
shall start with the example of a one-loop network consisting of a capaci- 
tance, inductance and resistance connected in series, and then extend our 
discussion to a general n-loop network. 


Fig. 8.1] 


Fig.5.1 shows the basic one-loop circuit, which is the fundamental building 
block of any lumped network. We assume that the capacitor C has some 
charge on its plates,so that a fixed voltage exists across it initially. The 
problem that we set out to solve is to find the loop current i(t) as a function 
of time, from the moment the circuit is closed by depressing the key. 


The instantaneous voltages across the three circuit elements are: 


across L i 
across R Ri 
across C al idt (5.1) 
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Applying Kirchoff's Voltage Law to the circuit after the key is depressed, we 
obtain the equation 


rg + πὶ { sat =o (5.2) 


Differentiating once with respect to time,a differential equation of the second 
order results. 
di G@ 1. 


The right hand side of Equation 5.3 is zero because no external voltage 
source,or force,is applied to the circuit. For this reason Equation 5.3 is 
said to be homogeneous. 


In this chapter we will not follow the standard method oi solution of Equa- 
tion 5,3,but will apply matrix methods. As a first step we introduce new 
symbols, which will prove better adapted to the application of matrix algebra. 
We let 


i(t) = u, (t) =u, 
Li, = uy (5. 4) 


Equations 5.3 and 5.4 can now be rewritten in the form 


The single differential equation of the second order (Equation 5,3) has thus 
been replaced by two separate equations of the first order, at the cost of in- 
troducing a second dependent variable u,(t). Using matrix symbols, we have 


rio ΕἼ»: 


(5.5) 


U=-AU or <—utt) — AU(t) 


The differentiation of the column vector U with respect to time is carried out 
according to the rules explained in Section 4.10. 


160 MATRIX ALGEBRA 


Equation 5.5 has been obtained on the assumption that L does not vanish. If it 
does, Equation 5.3 reduces to the simple form 


ἃ. ἢ 
RC (5.6) 


which can be solved by direct integration. Written down in general symbols, 
Equation 5.6 can be considered a special case of Equation 5.5 


u=au (5.7) 


Here u(t) and a are scalars,or matrices of order 1 x1. 


In Equation 5. 5 we have column vectors of 2 elements and a square matrix of 
order 2 x 2. It is customary to classify problems of the above type by saying 
that they have as many degrees of freedom, oy dimensions, vy independent 
coordinates as the order of their matrix, The column vector UV can be used to 
define a space of two dimensions, in which the elements u, and ug would 
appear as units,or base vectors, along the co-ordinate axes. Adopting this 
point of view,the one loop network of Fig.5.1 constitutes a dynamical prob+ 
lem with two independent coordinates,or degrees of freedom. The electrical 
interpretation of this fact is not difficult to see. To specify the electrical 
state of the circuit at any given instant it is necessary to give two items of 
information, e.g.the instantaneous current and the voltage across the capaci- 
tor. Alternatively it would be enough to state the current and its rate of 
change, which amounts to fixing the elements of the vector U. The two dimen- 
sional character of our problem also appears when the constants of integra- 
tion are to be determined. The differential equation of the second order, 
Equation 5. 3, or its equivalent equations of the first order, Equation 5. 5, can 
only be fully solved after two constants have been stated. 


Having set up the differential equations of the basic circuit in the matrix form 
of Equation 5.5, we postpone their solution until the next section, and in the 
meantime go on to formulate the equations of the general n-mesh network. 

As a first step we write down the equations of the two loop network of Fig. 
5.2. We omit the possibility of mutual inductance between the loops, as it 
complicates the detailed form of the problem without introducing any new 
principles, Application of Kirchoff's Law to the circuit, immediately after the 
key is depressed, yields the equations 


ἢ α 1 1 : α 1 

(us + L2)< +R, + +(b + t,) fac fa E +R, += C 5 Ja. = ( 
d 1 “0. | 

τ τηρᾷ bina as ‘| af + (us + Ly)fq + (Ri + Re) + 


1 1 
+ - + ΠΩΣ Ξ 
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Fig.5.2 


Equations 5.8 are simplified by the use of double subscript symbols and by 
differentiation with respect to time. 


Ξ τ d ee 
(1% 7 Rigi ἐὺ i + (uate τ χε + Cc to) =0 


(5.9) 
ue ἜΤ ἄν ieee 
ἡ 1) + (Loads + Read + ΕΣ 


We note that the matrix of Equations 5.8 and 5.9 is symmetric. 
1 


ἀξ α 


3 1 
Lig =e, Ry =Rg1,-— 
| Cig Cay (5. 10) 
The above example makes it clear how to formulate the differential equations 
of the general n-mesh network. The equations will have the same form as 
Equation 5.9, but there will be n of them, and n currents i(t) will appear as 
the unknown functions of time. 


ἃ“ d 1 ; etd d d 1 ι 
(14.2% + Riise + Li ἘΠΕ I ls Ge + Ring + Cin in = 0 
d d | d Bei 0:8. 

(5.11) 
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To simplify future work we agree to use elastance 5 instead of capacitance C 
1 


Ω -- -- 
Cc (5.12) 


and we rename the loop currents as follows: 


i; ‘= Uy =U, 
12 Uz 
in Un 


(5. 13) 


The necessity for the subscript 1 in U, will become clear below, when U, 
will be used as a submatrix. Substituting from Equations 5.12 and 5.13 into 
the Equations 5,11 and carrying out the indicated differentiations we find 


(Lait, si γι + $110; ) aT. ESR ee (Eeantin + RypyYy + Sinn ) =0 


(Init, + Ry, + Spit )+ ek tenia (tanta + Ron"n + Snnttn) = 
(5,14) 


Equations 5,14 can next be regrouped and written in matrix form as follows: 


eee Lan ΠῚ Me 1 Ὁ] Bay... Rin |} U1 
Lni --ψ ἃ ἃ α 5 Lin = Un Rni....... μη Un 


LU, +RU,+SU,=0 


The close analogy between Equations 5.3 and 5.15 is now clear. L,R,andS 
are matrices of inductive, resistive and capacitive circuit elements respec- 
tively. Their diagonal elements consist of sums of actual inductances, resis- 
tances and elastances taken around each loop, Thus, Ly. is the sum of induc- 
tances taken around the second loop, and similarly for Ros and 5.2. The off 
diagonal elements of the circuit matrices are the negative sums (see Equa- 
tion 5.8) of the actual inductances etc.common to pairs of loops. Thus 1.1 is 
the negative sum of inductances common to loops i and j,and similarly for 
Rjj and 8}. 


The next step in the formulation of the circuit equations is to remove the 
second time derivative and to replace Equation 5.15 by a form analogous to 
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Equation 5.5. This step is accomplished with the help of a substitution ana- 
logous to Equation 5.4. We let 


U, = L-1U, (5.16) 
where U» is a column vector of n new functions of time, defined in terms of 
the n loop currents by Equations 5,16 and 5,13. 1,718 the reciprocal of the 
inductance matrix of the circuit,assumed non-singular. Written out in 
greater detail Equation 5,16 becomes 


Uy = L-+ Un+1 | 
ἂν un+2 
Un Uzn 


The new functions of time u, . ; are labelled by subscripts from n+ 1 to 2n, 
because we shall presently want to append them to the original set ἃ; asa 
continuation, We substitute from Equation 5,16 into Equation 5.15 and rear- 
range the latter as follows; 


Using partitioned matrices this can be written in the form 
ὃ, Ὁ -ἰ5 RL» | ἘΣ; 


Finally both Equations 5,16 and 5.18 can be assembled into the single matrix 
equation 


μα “acs ΡΝ 


U=AU 


(5.19) 


It should now be clear that the column vectors U, and Uy, were given extra 
subscripts to bring out the partitioned structure of Equation 5.19. The co- 
lumn vector on the right side of Equation 5.19 now contains 2n time functions 
ranging from u,(t) to ugn(t). The first set of n functions U, consists of the 
original loop currents i(t), while the second set U, consists of their first de- 
rivatives dt i(t). The above form of the differential equations of the n-mesh 
network is of the same symbolic form as Equation 5.5 for the single loop 
circuit. 
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From Equation 5.19 we see that the n-mesh network is a dynamical system 
having 2n degrees of freedom, or dimensions, since 2n functions, or dependent 
variables uj (t), appear in the column vector UW. The network is said to be 
linear because the dependent variables appear in the first power only in 
Equation 5.19. We say that the network has properties independent of time, 
because all elements of the square matrix in Equation 5.19 are constant,as 
they must be, since they are made up of the individual fixed inductances, re- 
sistances and capacitances of the circuit, 


It is instructive to consider Equation 5,19 from the point of view of linear 
transformations, The matrix A has the remarkable property of transforming 
the column vector of time functions U into the column vector of their first 
derivatives U, without containing any differential operators. This fact be- 
comes less amazing as soon as we write down Equation 5.19 for the simplest 
case of order 1 x 1. We then obtain the scalar differential equation 


ὃ = au (5. 20) 
The reader will recall that a relation of this form is satisfied by the exponen- 
tial function e@t, 

oat — geat (5.21) 


Equation 5,21 is a special case of Equation 5.19: the exponential function is 
transformed into its derivative without the use of a differential operator. 


It is tempting to jump to the conclusion that Equation 5,19 might have a solu- 
tion of the same symbolic form as Equation 5.21. In the following section we 
show that this conclusion is quite justifiable. 

5.2 SOLUTION OF THE EQUATIONS OF THE FORCE FREE NETWORK 


In this section the solution of Equation 5.19 for the general network will be 
obtained. 


We use the method of solution of differential equations by infinite series. As- 
suming that all the functions of time, contained in the column vector U/(t), can 
be expanded in Taylor series about t = ο we can write, by Equation 4. 129, 
. = —- Σ 
U(t) = U0) ++ U0) +5 GO) +--+ (5, 22) 
Now, from Equation 5.19 we obtain 


uv =-AU 
U = AU = A2U ete. 


In general the n-th derivative of l(t) is 


n 
me U(t) = A® Ut) (5.23) 
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Evaluating the time derivatives of U(t) at t = o from Equation 5. 23, and sub- 
stituting them into Equation 5. 22 we find 


ut) = (14+ At + Far? +.....) U0) 
u(t) = οὗ vo) (5.24) 


Equation 5, 24 constitutes the general solution of the network Equation 5. 19. 
provided the initial conditions are given in the form of the column vector 
U(0). Recalling that this vector consists of the loop currents and their first 
derivatives, we see that values of these quantities at the time t = 0 must be 
known. Since the vector U has 2n elements,the number of constants required 
to fix the solution is 2n, reflecting the 2n-dimensional character of the prob- 
lem, 


When applying Equation 5,24 to the description of the network, it is helpful to 
give it a geometrical interpretation. The state of the network is fully deter- 
mined at any instant of time by the 2n-dimensional vector U/(t), Equation 5.24 
expresses this state vector as a linear transformation of the initial constant 
state vector U(0). The exponential transformation matrix e4t determines the 
time variation of the network, once its initial state is known. 


Instead of using the terminology of linear transformations it is often conve- 
nient to use the concept of linear operators. Thus e4t may be called a time 
dependent operator. It generates the state vector of the network at any in- 
stant, by operating on its given initial state at the time t = 0. 


Taking the geometrical view of our problem it is possible to obtain the solu- 
tion of Equation 5.19 in a form which is both simpler mathematically than 
Equation 5. 24,and easier to interpret physically. Towards the end of Section 
4.8 it was explained that a linear transformation assumes a particularly 
simple form ina coordinate system defined by the eigenvectors of the transfor- 
mation matrix. Let us, therefore, change the coordinates of our problem ac- 
cording to the law 


v=e7'v (5. 25) 


where @ is the matrix composed of eigenvectors of A. According to Equation 
5.25 every one of the new co-ordinates v; is a linear combination of some or 
all of the original coordinates u;. Every new coordinate v;(t) can be said to 
contain an admixture from some or all of the loop currents and their deriva- 
tives u;(t). In a physical sense each co-ordinate v, contains some information 
about the electrical state of every loop of the circuit, Hence,the new co-ordi- 
nates would appear to be rather complicated electrical quantities, but we 
shall see below that they can be given a useful interpretation. Taking the 
reciprocal of Equation 5, 25. 


U= QV (5.26) 


ΤΉ me mm er Teen een oe 
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we see that every ἃ: can be expressed as a linear superposition of the vj. 
This fact,together with a solution of Equation 5.19 in the changed co- 
ordinates, will provide a clue to the physical meaning of the V.- 


Substituting from Equation 5.26 into Equation 5.19 we find 


QV = AQV (5,27) 
Premultiplying both sides by ἜΣ we obtain the equation of the n-loop network 
in the new coordinates. 


V = Q-1AQV 
V=AV (5. 28) 
By virtue of tne fact that A is diagonal, Equation 5, 28 splits into 2n separate 
scalar equations for the new coordinates vj. 

¥j = AjVj, (i = 1,2; se ee * 2n) (5,29) 
Each of these equations can now be solved by elementary methods of integra- 
tion, However, it is more instructive to treat them collectively and solve 
Equation 5. 28 by the method that led to Equation 5,24. In other words we 
consider Equation 5.24 to be a general formula applicable to the Equation 
9.238. The solution is 

vit) = οὐδὲ vo) (5, 30) 
By Equation 4.120 e4t is a diagonal matrix having exponential functions of the 
form eit in its diagonal positions. Hence Equation 5.30 splits into 2n sepa- 
rate solutions for the coordinates vj. 


vit) = eAity(0), G@=1,2,..... 2n) (5,31) 


The same solutions can be obtained by direct integration of Equation 5.29. 


The final solution of the problem,the vector of loop currents and their first 
derivatives U'(t),can now be recovered through Equation 5. 26. 


U(t) = @ eAt VO) (5.32) 


Equation 5.32 can be rewritten in an alternative form using the fact that ᾧ is 
composed of eigenvectors Xj of A. In the notation of Section 4. 8 we have 


2 


U(t)= ) erst y.(0)Xx, (5.33) 


— ee . . 
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As an example let us write out Equation 5.33 in full for the one loop network 
which has 2 independent coordinates. 


u,(t) ἕω eAity, (0) X11 1 eAzty..(0) X19 
ug(t) | X21 X22 


Equation 5.33 displays the time dependent vector of loop currents as a linear 
combination or superposition of the eigenvectors Xj; of the circuit matrix A. 
The scalar mullipliers, which go with each eigenvector, include the exponen- 
lial time factor associated with the corresponding eigenvalue. 


(5.34) 


Before discussing the physical interpretation of the Equations 5.31 and 5.33, 

several new terms must be introduced. The new coordinates v;, which made | 
the general solution of the network problem relatively simple, are called the 
normal coordinates of the problem. Each individual solution (Equation 5, 31) 

is called a normal mode of the circuit. Every normal mode is characterised | 
by an eigenvalue of the circuit matrix A. Equation 5. 31 shows that the time 
dependence of every normal mode is decided by the eigenvalue to which it | 
belongs, through the corresponding exponential time factor. | 


Since the exponential time factors are the most important part of the solution 
let us consider them more closely. The eigenvalues to which they belong 
are roots of an algebraic equation of degree 2η, 


ΙΑ -- al] =0 


“ἢ 1,1 
ΙΪ-- --ΑΙ,"} --͵λὶ 


In general the roots are either real or complex, in which latter case they 
occur in complex conjugate pairs. For a perfectly general equation the real 
roots,and the real parts of complex roots, may be either positive or nega- 
tive, but in the special case of the eigenvalue equation, (Equation 5. 35), of a 
passive linear network,they are always negative. This statement can be 
proved from the form of the circuit matrix A, but here we accept it as al- 
ready established. Writing the eigenvalues of the passive linear circuit in 
the form 


“Ἢ (5. 35) 


(5.36) 


λι ΞΞ --|ὙΊι + joj; 


where σι is assumed positive, the corresponding time dependent exponentials 
are 
e~Tt ejwit (5.37) 


This is the familiar form of a sinusoidal oscillation of angular frequency “);, 
decaying exponentially with time according to the factor e~%'t. The eigen- 


N 
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values (Equation 5.36) are the complex frequencies of the circuit. Their 
imaginary parts ὡς are the natural oscillation frequencies of the network, 
while their real parts — oj represent the damping due to circuit resistances. 


The physical meaning of the normal modes is best seen on a special case. 
Let us assume that all the normal modes except one vanish. Referring to 
Equation 5.33 we find 


u(t) = e?* νκί0) Χμ 


= e~ Ont ρ᾽ωκξ v (0) Xp (5.38) 
where k is the label of the only non-vanishing normal mode. Concentrating 
our attention on the time dependent part of Equation 5.38,we see that all the 
loop currents, included in U(t). oscillate at the frequency ὡκ, and the oscilla- 
tions decay at the rate ο΄ δι throughout the network, 


In the general case each individual loop current in the network contains ad- 
mixtures of all normal modes. Hence it oscillates in a complicated manner, 
the oscillations containing contributions at all the natural frequencies and 
decay rates of the circuit. 


As an application of the method explained in this section the reader should 
write out in full the solution for the one-loop network of Fig.5.1,as given by 
Equation 5.34. The eigenvalues of the circuit matrix should be computed 
from Equation 5.35,the eigenvectors of the same matrix should be found 
from the corresponding sets of homogeneous equations, and finally the scalar 
coefficients v;(0)should be determined from the initial state of the circuit. 


Beyond this simplest case a detailed general solution of any network becomes 
too lengthy to attempt on paper. However, in specific cases electronic com- 
puters may be programmed to obtain numerical solutions. 


5.3 MATRIX FORM OF THE LAPLACE TRANSFORMATION 


It is assumed that the reader is familiar with the basic form of the Laplace 
transformation and its use in the analysis of linear networks. The object of. 
this Section is to introduce the Laplace transformation in matrix form, and to 
show how to apply it to the solution of the differential equations of passive 
linear circuits. 


The basic relations of the Laplace transformation are 


g(p) “| e“Ptu(t)dt =u) (6.39) 
0 


u(t) = τεῷ ePtg(p)dp -- 2 ~*(g) (5. 40) 
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The contour over which the integration in Equation 5. 41 is to be carried out 
contains all singularities of the integrand. The symbol ’(u) stands for 
‘Laplace transform of u', where u = u(t) is a time function. The symbol 
-’~”(g) stands for the 'inverse Laplace transform of g', where g = g(p) repre- 
sents the time function in the p-world,or the p-domain. 


Given a column vector of time functions U(t), their Laplace transforms G (p) 
can be collected into a single matrix expression as follows: 


G(p) = ΓΝ τσᾳλ)άι = Ϊ elt γα)αι =U) (5.41) 


0 . 


; Bee? pt | eae pit mek 


The reader should satisfy himself that the above expressions are meaningful 
and correct by referring back to Equations 4.115 and 4,120,and by writing 
out in full some examples of low order. 


The transformations, represented by Equations 5. 41 and 5. 42, will now be 
applied to the solution of Equation 5.19. After this preliminary practice on 
the example of the differential equations of the force free network, we shall 
proceed to the problem of the circuit with forces in the following section. 


Equation 5,19, rewritten here for convenient reference, is 


u(t) =A u(t) (5. 43) 
With the help of the Laplace transformation (Equation 5.41), both sides of 
Equation 5.43 are transformed into the p-domain. The transform of the right 
hand side is 


or of 
| e-Pt IAU(t)dt = A | e ΕΝ TuU(t)dt = Α΄ (p) 
0 0 


(5. 44) 


The circuit matrix A can be taken outside the integral sign because it com- 
mutes with the scalar matrix e~P'U. The left hand side of Equation 5.43 is 
treated as follows: 


0) = | et γύᾳ)αι 
0 


= |e-Pt (0 " + p| “ -Ρὶ Tutt) dt 


0 0 


#(t) =—U(0) + pG&) (5.45) 


170 MATRIX ALGEBRA 


Integration by parts has been applied between the first and second lines 
above. The initial conditions of the problem now appear in the form of the 
definite integral (0). 


Equating the transforms (Equations 5.44. and 5.45), we obtain 


pG(p)— U0) = 4 Gp) 


Regrouping the terms so that G(p) appears as a column vector of unknowns we 


find 


(pl — A) G(p) = U0) (5. 46) 
Equation 5.46 is a system of 2n linear equations in 2n unknowns G(p). Assu- 
ming that the matrix of the system, (pJ — A),is nonsingular, Equation 5. 46 
can be solved, 

G(p) = (pI —A)“"UV(0) (5, 47) 
The solution of the differential equation (Equation 5.43) can now be obtained 
by transforming G(p),as given by Equation 5. 47,back into the time domain. 


Ut) = πτῷ ePt ror — A)“ vO) ap (5. 48) 


The above integral is easily evaluated after the matrix (pl — A pal considered 
as a function of A,has been decomposed into factors according to Equation 
4.126. 


(pr = A)” τὰ Q(pr ἐν a) *Q™ (5, 49) 


Here A is the diagonal form consisting of eigenvalues of the circuit matrix 


A. ᾧ consists of the eigenvectors of A. Substituting from Equation 5. 49 into 
Equation 5. 48 we obtain 


Tae : “1-1 
Ute) = 5-pePt70(pr — A) οὗ u)dp (5. 50) 


Since @ is a constant matrix, it can be taken outside the integral sign by vir- 
tue of its commutability with the scalar matrix ePty. Similarly Q-~ U(O) is 
unaffected by the integration, and since it commutes with the scalar factor 
dp it also can be shifted outside. Hence Equation 5.50 assumes the form 


U(t) = Bap ePtr (pr -- ΛΔ) *dp e-* (0) (5.51) 
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Concentrating on the integrand in Equation 5.51 we observe that the recipro- 
cal of the diagonal matrix p/J — A is again diagonal. 


(5. 53) 


Following the rules of Section 4.10.,the foregoing integral can be evaluated 
element by element, using the method of residues. From the theory of func- 
tions of a complex variable we recall that the residue of a term like 


ept 
p— Aj 


at the singularity p = dj, is e*!t. Hence the integral in Equation 5.53 is 


φορι(οι - ΔΛ) “dp = j2n} ολιΐ 
0 
(5,54) 


Substitution from Equation 5.54 into Equation 5.51 yields the result 


U(t) = QeAt Q-1 U0) (5. 55) 
whence, by Equation 4,126, we obtain the final solution of the system οἱ dif- 
ferential equations (Equation 5. 43). 


A 


ut) = e* vo) (5. 56) 


This agrees with the solution Equation 5. 24, found in the preceding section 
by the method of power series. 
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The reader may observe that the decomposition of the matrix (pi— Ay 
applied above, is equivalent to a change of coordinates. Rewriting Equation 
5.99 in the form 


Q71u(t) = eAt o-107(0) (5. 57) 


we obtain the solution of Equation 5.43 in terms of the normal coordinates 
introduced by Equation 5.25, 


Vt) = et vo) 


This is the same as Equation 5.30. 


Before going on to the subject of circuits with forces, we mention a more 
concise notation that may be used to write the transforms Equation 5.41 and 
5.42. Instead of writing the scalar variable p separately, we define the sca- 
lar matrix 


Ῥ ss el 


The Equations 5.41 and 5.42 then assume the symbolic form 


G(P) = ΓΕ u(t) at 
0 


a Pt 


It is found that the above relations, including the composite variable P,can 
be handled by the usual rules of integration, without regard to the matrix 
character of the integrands. The simplification achieved by following this 
symbolic method is sometimes worth while, but in an introductory treatment 
it is preferable to use the longer forms represented by Equations 5.41 and 
9.42. They bring out fully the matrix character of all manipulations, which it 
is essential to practice in the initial stages, 


9.4 DIFFERENTIAL EQUATIONS OF THE NETWORK WITH FORCES AND 
THEIR SOLUTION 

In Section 5.1 we set up the differential equations of linear passive circuits 

without any electromotive forces present. In this section we extend our equa- 

tions to include forces applied to the network. We assume that the applied 

forces are functions of time, including the possibility of d.c. e.m.fs. 


We apply Kirchoff's Voltage Law to the general n-mesh network, and obtain 
its equations through the procedure that led to Equation 5.15. Writing U 4 (t) 
for the column vector of loop currents, the equations of the circuit with 
forces are 
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LU, Ὁ + RU, tt) + s [os (t)at = E(t) (5.58) 


where E(t) is the cclumn vector of e.m.fis present in the individual loops. 
Differentiating both sides of Equation 5.58 with respect to time and omitting 
the functional notation we obtain 


Lit, +RU,+SU,=E (5, 59) 
Making now the substitutions 


. οὐ x 
U, = J, IT, 
ἢ, =1 0, (5.60) 


we can write Equation 5.59 in the form 


U,=—SU,—-RL* U,+E 
or 


Us = -[5 RL | “oh +E 
"3 (5.61) 


Equations 5.60 and 5.61 can be collected in the single matrix equation 


Val oS ΤΣ tele 
ap —S§ =RE? | | Uo Ε 
U=AU+E (5.62) 


We must remember that in the last equation the symbol αὶ is a column vector 
of 2n elements, having zeros for the first n elements. The reader will find 
that there is no risk of confusion between this new column vector of 2n ele- 
ments, and the original vector of n elements on the right side of Equation 

5. 59, 


Comparing Equation 5.62 and Equation 5.19, we note that the difference is the 
presence of the additive term FE,representing the forces applied to the net- 
work, The difference is sufficiently important to warrant a verbal distinc- 
tion. The system of force free differential equations represented by Equation 
5.19,is said to be homogeneous, while the system with forces is said to be 
inhomogeneous. The importance of the distinction lies in the fact that Equa- 
tions 5.62 cannot be solved by the method applied to the homogeneous prob- 
lem in Section 5.2, However, they can be solved, at least in theory, with the 
help of the Laplace transformation. 
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To solve the inhomogeneous problem with the help of the Laplace transfors 
mation we follow the same method as was applied to the homogeneous equa- 
tion in the preceeding section. Both sides of Equation 5.62 are first trans- 
formed into the p-domain. As a result a system of (non-differential) linear 


equations is obtained, with the transforms G (p) of the required time functions 


U(t) in the role of unknowns. The equations are solved by the algebraic 
methods of Chapter 4,thus expressing G(p) in terms of known quantities. 
Finally the known form of G(p) is transformed back into the time domain, 
yielding the desired time functions I/(t). 


We start by transforming both sides of Equation 5,62 into the p-world. By 
Equation 5.44 we have 


LA U)=As (U) =A Gp) (5.63) 


The time derivatives U and F are transformed into the p-world according to 
Equation 5. 45. 


LAD) = pG(p) — Vi) (5.64) 
2B) = pH (p) — ΕΘ) (5.65) 


In Equation 5.65 the column vector H(p) represents the Laplace transform 
of the given (undifferentiated) e.m.fs. 


H(p) =1E) =[ IE (t) dt (5. 66) 


0 


Assembling the transforms represented by Equations 5.63,5.64 5,65, accor- 


ding to Equation 5.62 we obtain the following system of linear equations 
pG(p)— U0) = AG (p) + pH(p) — F(0). (5. 67) 


Regrouping the terms so as to put the equation into the standard form we 
find 


(p! — A)G (p) = pH(p) — Ε(0) +.U(0)) (5. 68) 
The solution of Equation 5.68 for the unknowns C (p) is 
G(p) = (pf —A)"* (pH) — EO) + UO) (5.69) 


Comparing Equation 5. 69 with Equation 5.47 for the force free circuit it is 
seen that the additional feature is the presence of transforms of the applied 
e.m.f.s on the right hand side. 


The final step in the solution of the inhomogenous problem is to transform 
Equation 5.69 back into the time domain. 


u(t) =2""G) os φορίγῳι — A) (pH(p) — E(0) + U(0))dp (6.0) 
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The integral in Equation 5.70 splits into three separate terms, the last two 
terms including the column vectors E(0) and U(0). The latter are of the same 
form as Equation 5.48 and can be evaluated according to the procedure fol- 
lowing that equation, The results are 


ae pePt er — A)-1u(0)dp = e4ty(o) (5.71) 


1 Aept ny — A)-1F = ait 
9° I(pJ — A)"1E(0)dp = e4tE(0) (5.72) 


Substituting from Equations 5.71 and 5.72 into Equation 5.70 we obtain 


ee Ψ ~1pH(p) + eft - ) 
uy) = τὸς eP ipl — Α)- Ἰμῃ(ρ)ὰρ + e4t(7(0) — £0) — 
This is as far as the inhomogeneous problem can be solved in general terms. 
To make progress beyond this point it is necessary to assume a specific 
form for the loop e.m.f.s E(t),and to work out their transforms H(p). After 
this is done the remaining integral in Equation 5.73 can be evaluated. 


Before considering any special cases a word of general comment on Equation 
5.73 can be passed. The last term of Equation 5.73 has the same time de- 
pendence as the solution of the force free network obtained and discussed in 
Section 5,2. There we found that the solution is transient in nature, the loop 
currents dying away according to decaying exponentials. In the presence of 
persisting forces we expect the currents to contain terms which do not decay 
with time. From the form of Equation 5.73,we may conclude that such steady 
state parts of the loop currents must be contained within the integral term, 
and that they will appear once the latter is evaluated. 


As an example of the possibilities pointed out above we shall solve the prob- 
lem for the familiar case of harmonic e.m.f.s, all of the same angular fre- 
quency ὦ. As the steady state part of the solution we expect to obtain the 
basic a.c. equations of the circuit,in the form used in Chapter 3. 


The column vector of harmonic e.m.f.s, applied to the network, is written in 
exponential form. 


E(t) = elt Ε (5.74) 


On the right hand side of Equation 5,74 the vector E is independent of time. 
Its elements are the complex amplitudes of the individual e.m.f.s. The 
Laplace transform of Equation 5.74 is 


oO ᾿ 
H(p) =| e"Pt; ejwt rat 
ae) 
a Γ Ὁ 
-| οἴω “ Ptr Ε 
ἢ 


1 
Η͂Φ) =5—jo* (5.75) 
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To find the steady state of the harmonically driven network, the transform 
Equation 5.75 is substituted into the integral (Equation 5.73), and the latter 
evaluated by the method used in the preceding section, The decisive step in 
that solution was the decomposition of the matrix (pJ —A)~" into factors 
including the diagonal form A of A, With the help of Equation 4. 126, Integral 
5.73 can be written 


SS 2 ee on ee -- 
ape? i ὅσ p— jw ies HF 
= ape 1(pI — Δ)" bye - > Edp 


—_ 9-1 - 
Ἐν aoe p— jw (pl — A)~*dp QE (5.76) 


Writing out the integral above in greater detail we find that it is of the form 


1 pept 
-:Ξ- 9] ————~__s—OOe ee ee ee. d 
azo (p — jw)(p — Ax) ° reeewe [OP 
t 
0  theblstesy 


or more briefly 


ib. pePt 
jan ἧς — jw)(p -- sy fa 


The integrand (5.77) has two singularities at the points p = jw and p = ἃς. Its 
residues at these singularities are respectively 


(5.77) 


jwejot λιολή 
and 


Hence the integral (5.77) is the sum of two diagonal matrices. 
‘al Were. 
ΤῈ = ἘΝ - τ ἣ ΓΕΞῚ ‘i ae | 
- [ajerst ] (jw7 a A)” 
= (jweiwty — | aje%st]) (jor — Δ)-: 


= (jweioty — AeAt) (iwr το a)-2 (5. 78) 


= jweiot, (jor - a) 


DIFFERENTIAL EQUATIONS OF PASSIVE LINEAR CIRCUITS 177 


Before substituting from Equation 5.78 into Equation 5.76 we observe that 
the term Ae4t has the same time dependence as the solution of the passive 
circuit, Equation 5.32, As such it is transient in nature,and since we are 
trying to find the steady state solution of the driven circuit, we omit it, 
Writing U'5)(t) for the column vector of steady state currents and their deri- 
vatives, we obtain from Equation 5.76 


us) = jweltr(jwr = A)*E (5. 179) 


The above is the steady state solution of the circuit in a rather unfamiliar 

form. To bring it into the usual form of a.c.circuit equations we proceed as 

follows. First we premultiply both sides of Equation 5.79 by (jw/ — ΑἹ 
(jwl — A) US) = jwelotz 


Next we recall the detailed form of the circuit matrix A and the column vec- 
tor & from Equation 5.62 above, and write in partitioned form 


| jwl -1, 1 | ys) = jwel@t] 0 
| S  jwl+ RL) || υ 5) ΙΕ᾿ 


This is equivalent to two separate equations. 


(5.80) 


ja {7.15} -- L~*u,'s) = 
SU, 8) + (jor + RL“ )U2'® = jwelote 


Solving the first equation for the column vector U,‘®, substituting into the 
second, and dividing throughout by jw,we obtain 
(jez +R+ is) Uy") = elt Ee (5.81) 
The column vector of steady state loop currents U/ ,°>’(t) must vary with time 
according to the exponential form eJ@t, Extracting the exponential factor 


outside, the currents can be written in terms of complex amplitudes as fol- 
lows 


Uy) = elwty,(S -- ejot; (5. 82) 


where J is the column vector of a.c. loop currents and not the unit matrix. 


The sum of the circuit matrices in brackets can be written as a single impe- 
dance matrix. 


1 
joL+R+ τ 5-2 (5,83) 
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Substituting the newly defined symbols from Equations 5.82 and 5.83 into 
Equation 5,81,we arrive at the final result 
This is the usual form of a.c. circuit equations introduced in matrix form in 

Chapter 3. It should be noted that the order of the system of linear equations 


(represented by Equation 5.84) is n x n, equal to the number of loops in the 
network, 


The foregoing example illustrates the Laplace transformation method of 
solving the inhomogeneous system of differential equations, which arises 
when a circuit is driven by e.m.f.s given as functions of time. In cases in 
which the forces are not harmonic the integration problem may be more dif- 
ficult, but the procedure remains the same in principle. | 


Chapter 6 


Wave Matrices 


The two-port networks discussed in Chapter 3 are the simplest case of net- 
works or junctions which can have any number of ports, The theory of such 
multiport networks finds its most important application to junctions of trans- 
mission lines and waveguides. Since the terminal conditions in waveguide 
junctions are more conveniently described in terms of wave amplitudes than 
voltages and currents, it is to be expected that a new type of matrix will be 
required to relate them. The elements of the new matrices are not imped- 
ances,or current or voltage ratios, but coefficients relating wave amplitudes 
at the ports of networks, joining wave propagating lines. It is for this reason 
that the new matrices are called wave matrices. 


The present chapter relies only to a small extent on the algebraic background 
of Chapter 4.,it can, therefore,be read immediately after Chapter 3. The oc- 
casional gap in the mathematical argument should not deter a reader interes- 
ted in such subjects as scattering matrices. 


6.1 MULTIPORT NETWORKS 


In Chapter 3 the parameters of two-port networks were discussed at length. 
In Section 3.2 it was shown how a two-port network is formed by isolating 
two loops of a general n-mesh circuit, and treating them as the input and out- 
put of a black box’. The procedure outlined there can be extended to form 
"black boxes’ with more than two ports. As an example of the method the 
equations of a three-port network will now be derived. 


Fig.6.1 
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The 'black box' of Fig.6.1 is assumed to be a general passive linear circuit, 
with three of its loops taken outside to provide access ports. Assuming 7 
further that the three voltages marked in Fig.6,1 represent the only genera- 
tors applied to the network, its equations are 


(6.1) 


according to Equation 3.10. As with two-port networks we are interested in 
the currents flowing in the three terminal ports only. Hence we solve Equa- 
tion 6.1 for the three currents I, ,I,and I,. 


[Ζ1.] 1Z21| IZ3,| 
I, = τοῖν ally + - 31 
= 3 * IZ. 
IZ12l ΙΖ] 1239] 
Ip = [312ἷν V + [232 
"μὰ πόδ᾽ τὰς 
Ζ ὰ ; ‘ 
ly at isly 5 IZesly, e Zssly. 
Z| ΙΖΙ 2 6.2) 


The coefficients on the right hand side of Equations 6.2 have the dimensions 
of admittance. They are the admittance parameters of the three-port net- 
work of Fig.6.1. Writing them in the form 


Vij = pl: 
Z| 


Equations 6.2 can be put in matrix form. 


ly [{Ξ: Yar Yue is Vi 
Ip Y21 Y22 Yaz; | Ve 
| 13 ¥31 Y32 Y33_ Vs 


| er, (6.3) 
The above equation is analogous to Equation 3.3 of a two-port network, By 
analogy with two-port networks the matrix elements in Equation 6,3 can be 
oe the short circuit input and transfer admittances of the three port net- 
work, | 


The 3 x 3 matrix of admittance parameters of a passive linear three-port 


WAVE MATRICES 181 


network can be shown to be symmetric by the method used in Section 3.2 to 
establish the symmetry of the y-matrix of a two-port network. 


Extending the methods developed in Chapter 3.,we can go on and form 
matrices of other parameters of the three-port network. Thus Equation 6.3 
can be solved for the terminal voltages, expressing the latter as linear trans- 
formations of terminal currents. 


V=Y"7=ZI (6. 4) 


In this way the impedance parameters of the three-port network are formed. 
Continuing along this line various sets of mixed parameters can be obtained. 
The total number of these sets of three-port network parameters can be 
computed, if we note that it must be equal to the number of combinations of 3 
objects, taken out of a group of 6,there being 6 terminal voltages and cur- - 
rents. The number is 


The foregoing example shows how a network with n ports can be treated, The 
mathematical procedure is the same, but the order of parameter matrices 
increases, Also the number of possible sets of parameters increases steeply 
with the number of access ports. 


The theory of n-port networks finds its most important application to micro- 
wave junctions. However, instead of using voltages and currents,as the basic 
electrical quantities at the ports, it is preferable to use wave amplitudes. 
The latter are measurable in waveguides, whereas voltages and currents are 
not even uniquely defined. 


The wave amplitudes at the ports of a junction are related by matrices, whose 
elements are neither impedances nor other parameters based on voltages 
and currents. Since their elements relate wave amplitudes, the new matrices 
are called wave matrices. A particularly important type of wave matrix is 
the scattering matrix,which expresses reflected wave amplitudes as a linear 
transformation of incident wave amplitudes. In the sections to follow we in- 
troduce these concepts, starting with the simple case of wave propagation on 
a transmission line. 


6.2 WAVE MATRICES OF A TWO-PORT JUNCTION 


The passage from voltages and currents to wave amplitudes, the basic elec- 
trical quantities of a wave sustaining structure, is best traced on the example 
of the transmission line, We recall from transmission line theory that the 
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voltage and current at the point x of a lossfree line, have the following ex- 
ponential form: 


V(x,t) = Ae(-J8x+jot) + Beli8x+jot) 
I(x,t) = Zo (Ae(-i8x+ jot) ἐξ, Be({5x+jt) ) (6. 5) 
where peak values, not r.m.s, values are used, and 


Zo = Characteristic impedance of the line-real for a loss free line. 
8 = phase constant of the line; 
ω = frequency of the wave carried by the line. 
We further recall that the exponential term .e(-j@x+jt) represents a forward 


wave relative to the positive direction of x, while .e(jBx+jwt) represents a 
reflected wave. 


Equations 6.5 can be rewritten as follows: 


) = νηί ALel-isx+jwt) + B_o(jax+jot 
V(x,t) ΠΡ j8x+j +a jw ) 


+) = me eS (-j@x+jwt) — B jBx+jwt 
I(x,t) (ie ee J ee x jwt) 


(6. 6) 


At this point we observe that there are only two distinct terms in the bracket- 


ed expressions of Equations 6.6,one representing a forward wave, the other 
a reflected wave. To economise on writing let us introduce new symbols. 


A (=jox+1 

2 9(-j8x+jwt) — = 
ΤΣ e a(x,t)=a 
Β o(jax+jut) 
Vz 5 JbX+JWt) — b(x,t)=b 
0 (6. 7) 
The quantities a and b,defined by Equation 6.7,are called normalised wave 
amplitudes. The voltage and current equations (Equations 6.6) can now be 
written in terms of wave amplitudes, 


V = νΖο (a+b) 
1 | 
he (6.8) 
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Conversely, solution of Equations 6.8,for the wave amplitudes yields the 
expressions 


1 
δ; " 


1 
--- (V 
2/Zo (6.9) 
Fig.6.2 displays the wave amplitudes as electrical quantities of the trans- 
mission line. At the point x on the line, either the voltage and current,or the 
wave amplitudes define the electrical state of the line. 


In the general case,in which both forward and reflected waves are present on 
a line, we can form the ratio of the reflected to forward wave amplitudes at 
any given point. 


γος | 
SO Ss 
ὌΞΘΕΘΌΝΕΙ, 


Fig.6.2 


Referring to Fig.6.2 we can write, with the help of Equations 6.9 
_ b(x,t) V(x, t)— Zl (x,t) Z,—Z 
s= a(x, t) ἘΣ V » ae + Zol x, τὸ “"- + Zo (6. 10) 


Ζχ is the impedance at the point x of the line. It is written for the ratio 
V(x)/I(x), after the exponential time factor has been cancelled out of Equation 
6.10. 


The ratio s is called the scattering coefficient at the point x of the line. It is 
identical with the complex reflection coefficient,familiar from transmission 
line theory, and it is a function of position on the line, but not of time. Re- 
writing Equation 6.10 in the form 


neu, (6.11) 


we note that the scattering coefficient relates linearly the forward and re- 
flectéd wave amplitudes. 


O 
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The normalised wave amplitudes,as defined by Equations 6.7, provide a 
direct measure of the power carried by a wave. To see this clearly let us 
compute the power on a matched (or infinitely long) line, which propagates the 
forward wave only. In this case the voltage and current assume the simple 
form 


| 1 
V = Zo 8, I =—_: 
νΖο (6. 12) 
whence the power is 
Page £ oe 3 
P=—VI=—aa=—[al? 6.13 
3 5 5 lal (6.13) 


since Z, is a real quantity. 


By a similar calculation the power carried by the reflected wave is 


Seh a= jolt. 
2 2 


Before introducing the two-port network fed by transmission lines, it is 
desirable to redefine somewhat the voltage and current expressions. We re- 
write Equations 6.8 in the form 


V ἶ 
Υ̓Ζο 


VZol =a—b=]™ (6.14) 
The symbols V“ and I™? can be called normalised voltage and current, 
although dimensionally they are neither. They can be used to describe the 
electrical state of a line just as well as the proper voltage and current. In 
fact, equations expressed in terms of them are mathematically simpler. 
From a practical point of view it is immaterial how the voltage and current 


are defined, since measurements of these quantities are rarely made directly. 


Practically all measurements are concerned with wave amplitudes and 
power. Now, it is easily seen that the latter is expressed by the same equa- 
tion, regardless of which form of voltage and current is used. 
Liane 2 ~- 1 τ 
P=—VI=— I=— Vim) τί) 
2 Vio 3 


2 (6. 15) 


The above expression follows from the real nature of the characteristic im- 
pedance of a lossless line. 


Having defined wave amplitudes as the basic electrical quantities of a trans- 
mission line, we pass on to the problem of a two-port network fed by lines. 
Our object is to describe the phenomena at the terminals of the network in 
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terms of incident and reflected wave amplitudes, instead of voltages and 
currents as was done in Chapter 8. 
! 


Fig.6.3 


Fig.6.3 represents a typical situation. The network is assumed to include 
short sections of line at both ports,the actual terminals being marked by the 
dotted lines at 1 and 2. The lines are to be visualised as feeding the network, 
the forward wave in each line being directed lowards the network as shown 
in Fig.6.3. The characteristic impedances and propagation constants of the 
two feeders may differ, but the signal frequency is the same on both. By 
Equation 3.28 the voltages and currents at the ports of the network are con- 
nected by the following relations: 


V, = Ζχιἶΐ, + Zyzolo 


Vo = 2,11) + Zool (6. 16) 


Let us now modify these equations, by introducing the characteristic imped- 
ances of the lines. 


Vi 211 7 EE We poe 
YZo1 Zor 5 ΥΖοιΖο: ἘΜῊ 
Vo Zo zZ 


Fe - oaths + FZ 
VZo2 Z01Zo02 a ain 


Using the newly defined normalised voltage and current, Equation 6.14, we 
can rewrite the above equations in simpler form. 


(6.17) 


Ζ Ζ ι 
vy, = oo (m) 4 ——— 12], (0) 
01 Z01Z02 
Zo (n) , 4227 (n) 
V,'0) = 5 I, + —“Io 
YZo1Z02 Zo2 


ym — 77(n) 
τὰ (6. 18) 
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The matrix of the above equation differs from the original impedance mat- 
rix of the two-port network, as used in Equations 6.16, but it shares with it 
an important property. Despite modification it remains symmetric. We shall 
have occasion to use its symmetry, after Equations 6.18 have been trans- _ 
formed to relate wave amplitudes instead of voltages. The transformation is 
effected by replacing voltages and currents by wave amplitudes. According 
to Equations 6.14 we can write for the two ports of the network of Fig.6.3: 


vim) =} Vv, |=] a, +b, | =| a, | +] δ. |=A+B 
va ag + be a2 | De ; 
: “4 (6. 19) 
1.8} ΞΞῚ 8η -- b, =] a, = bj Ξ: Α -- Β 
ΠῚ [185 02} | ae be (6. 20) 


The matrices A and B are column vectors of incident and reflected wave 


amplitudes. They are to be used to describe the terminal conditions of the 
two port network instead of currents and voltages. 


Substituting Equations 6.19 and 6.20 into Equation 6.18 we find 
A+B= Z(A — B) 


Next we rearrange the terms so that the column vector of reflected wave 
amplitudes B is on one side of the equation, while the column vector of 
incident wave amplitudes A is on the other side. 


ll 
μ᾿ 


Il 


ym 


ZB+B=ZA—A 
Using the unit matrix U the above equation can be rewritten in the form 
(Z2+U)B=(Z—U)A 
Whence, on premu!tiplication of both sides by (Z + U) “+, we obtain 
B=(Z+ U)"1(Z—v)A (6.21) 
Equation 6.21 expresses the reflected wave amplitudes as a linear super- 
position of the incident wave amplitudes at the ports of the network. The 


matrix of Equation 6,21 is called the scattering matrix of the two-port net- 
work, and is usually denoted by the symbol S. 


8 =(Z + U)"1(Z— 0) (6,22) 
In terms of S, Equation 6.21 assumes the form 
ΒΞ ΒΑ 
by = 8:18} + 81 9a 


be = S218; + 5,228. (6.23) 
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Equation 6.23 is an extension of Equation 6.11. It has the same linear alge- 
braic form as Equation 6.11, but since it relates four quantities instead of 
two, it includes a 2 Χ 2 matrix instead of a single numerical coefficient. By 
analogy with Equation 6.11 the elements of the scattering matrix are called 
the scattering coefficients of the two-port junction. 


As a simple example let us now work out the scattering matrix of a section 

of uniform transmission line of length 1. One method of doing this would be to 
utilise the matrix of general circuit constants found in Chapter 3. The general 
circuit constants would be transformed into z-parameters by the methods of 
Chapter 3, then modified according to Equation 6.17 and finally substituted 
into the defining relation—Equation 6.22. Instead of following this lengthy 
procedure we shall find the desired scattering coefficients by inspection. 


Fig.6.4 represents a uniform line propagating both a forward and reflected 
wave. The section of length 1, to be considered a two-port network, is marked 
by dotted lines. The wave amplitudes at the ports are labelled according to 
the convention defined in Fig.6.3: the waves directed towards the ports are 
to be regarded as forward waves, designated by the symbol a; regardless of 
whether they travel to the right or left. By Equations 6.6 and 6.7, but omit- © 
ting the exponential time factor, we can write the amplitudes of the wave 
travelling to the right as follows: 


Leo, = Beir 


| 

| 

| 

‘ ci Som 
| | 
| | 


x καὶ 


A ὁ -jp(u+u) 
7, 


Fig. 6.4, 


eat -j 
— —*. a-jh(x+) — 181... 0.8 
Do Vo e 818 9 


Similarly for the wave travelling to the left we find 


B = B - ἡ a 
= πα ἶβχ — jB(x+h) 9-j6l — a, e-j81 + 0.; 
b, VZo. YZ" 8 age 0.8) 


ee ee ey ene ee eee 
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eve the foregoing relations with Equations 6.23 we can write in mat- 
rix form 


bj = 0 Θ΄ 18] 81 
De 6“ 1βὶ 0 ag 


The matrix of Equation 6. 24 is the scattering matrix of a section of line, 
shown in Fig.6.4 as a two-port network. It is instructive to note in passing 
that it is symmetric. 


The scattering matrix, derived above, is not the only type that can be used to 
relate wave amplitudes at the terminals of a two-port junction. Instead of 
expressing the reflected, or scattered, wave vector: B in terms of the incident 
wave vector A, it is possible to express, say, the input waves a,,b, in terms 
of the output waves az, b,. The appropriate matrix can be obtained from the 
scattering coefficients by suitably rearranging Equations 6.23, Alternatively 
it can be worked out from the general circuit constants of the two-port net- 
work, by using them as the starting point instead of the z-parameters. 


The four wave amplitudes define the electrical conditions at the terminals 

of a two-port network in the same way as the voltages and currents did in 
Chapter 3, Like the voltages and currents, any two of the wave amplitudes 
can be expressed linearly in terms of the remaining ones, by a continuation 
of the method suggested above. As in the case of voltages and currents, it is 
found that altogether 6 distinct sets of equations exist. The matrices of 
these equations are called wave matrices, because they relate wave ampli- 
tudes. The scattering matrix is one of the six wave matrices of a two-port 
junction, and it is the one that has found the most extensive application so far. 


The wave matrix which relates the wave amplitudes at one port of the junction 
to those at the other is called the transfer matrix, and is usually denoted by 
the symbol T. Its importance lies in the fact that it facilitates the description of 
cascaded junctions in a way analogous to general circuit constants. 


(6. 24) 


| 
i 2 3 
\ 


Fig.6.5. 
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Referring to Fig.6.5,we can write for each individual two-port: 
81 | =| 1102) tio"? |] be | 
b, ἐν ὅν toot? || a2 
bo | =| ty1'2) tyo?? bs 


The reader should note that the amplitudes of waves travelling to the right of 
Fig.6.5 are placed first in the column vectors of Equations 6.25, while those 
travelling to the left are placed second. As a result of this arrangement we 
can substitute the second equation into the first and obtain a matrix relating 
the input and output wave amplitudes of the cascade connection. 


ay = Τί 1}7Τι|:2}} bs = Τί bs 
Dy ag 83 


The transfer matrix of the cascade connection is thus seen to be the product 
of the matrices of individual junctions, as shown in Fig.6.5, 


(6. 25) 


(6. 26) 


Other wave matrices of two-port junctions may find their application in spe- 
cial situations just as the mixed parameters of two-port networks have been 
applied to transistor circuits. 


In the sections to follow the concept of wave matrices will be extended to 
multiport microwave junctions. 


6.3 TERMINAL CONDITIONS AT THE PORTS OF MICROWAVE JUNCTIONS 


The wave matrices of a n-port microwave junction will be derived by an 
extension of the methods applied to two-port networks in the preceding sec- 
tion. As the starting point we shall take terminal voltages and currents, and 
since these are not uniquely defined in waveguides, it is necessary to agree 
on certain conventions. The subject of the present section is to summarise 
these conventions. 


The field patterns and propagation equations in waveguides are discussed at 
length in textbooks on microwave theory.* They are derived on the assump- 
tion that waveguides are loss free. For this reason the propagation equations 
of waveguide modes exhibit the same features as the equations of lossless 
transmission lines,used in the preceding section. Notably, the propagation 
constants are purely imaginary, and characteristic impedances are purely 
real. However, by contrast with transmission lines, which propagate the 


* E.g. MONTGOMERY.C.G, DICKE.R.H, PURCELL. E.M, 'Principles of 
Microwave Circuits'; M./. Τὶ Radiation Laboratory Series, Vol.8. 
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principal or TEM mode, there is no clearly defined voltage and current in 
waveguide modes. As a result of this ambiguity a variety of impedance and | 
admittance matrices can be constructed for one and the same junction. More- | 
over, the matrices may not even by symmetric in the case of passive and 

linear junctions. Ι 


It can be shown that voltages, currents, and impedances, having the properties 
listed below, can be defined for waveguide modes. 


1. The voltage and current of a unidirectional wave entering the i-th port 
of a junction yield the power flow through the expression 


1 
“= 5 Vili 


where I; is the complex conjugate of I;, and peak values of the currents 
and voltages are used. This means that the power flow is given in 
terms of a wave amplitude by the formula 


ΩΨ 1 
Ῥ. = — a; " > _ . [ἃ 
1 9 1 8) 5 lai 


2. The characteristic impedance in a waveguide can always be set equal 
to unity 


3. The impedance, and hence admittance matrices of passive linear 
junctions are symmetric 


As a result of these assumptions the linear relations connecting currents and __ 
voltages at the terminals of a microwave junctions are of the same form as | 
Equalions 6.3 and 6.4, It should be remembered that the linear relations set 

up according to the above rules describe what happens at the ports of a micro- 
wave junction under conditions when more than one mode of propagation is | 
present there. The currents and voltages are then defined for each individual 
mode, and all of them are included in their column vectors. In such cases 

the impedance and admittance matrices contain elements which connect indi- 
vidual modes, as well as separate ports, and their order is greater than the 
number of ports entering the junction. 


On the basis of the rules outlined above it can be further shown that the volt- 
age and current of a waveguide mode can be expressed in terms of its wave 
amplitudes by equations of the same form as Equations 6.14 of the transmis- 
sion line. If the propagation mode under discussion is labelled by the sub- 
script i, the equations are 


Vj = aj + bj 
Ij =aj — bj (6. 27) 


where aj is the amplitude of the wave travelling towards the junction, and b; 


is the amplitude of the wave reflected from the junction. 
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Equations 6,27 will provide the basis for the derivation of the scattering mat- 
rix of a n-port junction in the following section. 


6.4 THE SCATTERING MATRIX OF A LINEAR AND RECIPROCAL MICRO- 
WAVE JUNCTION 


Let us consider a microwave junction as shown diagrammatically in Fig.6.6. 
It is assumed to be linear, passive and free of any nonreciprocal components 
such as ferrites. The junction has either n distinct ports, each carrying a 
single mode of propagation, or it has a smaller number of ports, some of 
which carry more than one mode, In the latter case each mode is treated as 
a separate port and labelled accordingly. This is possible by virtue of the 
orthogonality of waveguide modes. As a result of orthogonality individual 
modes cannot couple in waveguides, but they can interact within the junction 
proper. Besides coupling incident modes, microwave junctions are capable of 
exciting new modes, which are below the cut-off propagation properties of the 
input or output waveguides. Wherever such evanescent modes exist, it is as- 
sumed that the reference planes of-the ports are sufficiently far inside the 
guides to exclude them. 


n=-port 
junction / 


Fig. 6.6, 


In what follows the scattering matrix of the n-port junction will be obtained, 
by basically the method applied to the transmission line in Section 6.2, The 
details of the algebraic argument will be varied, however, to illustrate the 
diversity of matrix methods. 


As a first step in the derivation of the scattering matrix we solve Equations 
6.27 of the preceding section for the incident and reflected wave amplitudes 
at the i-th port. 


1 
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N ext we replace V; by the corresponding row taken out of the impedance mat- 
rix, Equation 6.4, of the n-port junction. We find 


: ᾿ (6.29) 
bi =5 ). Zikl; — Ij 


With the help of the Kronecker 6-symbol the above equations can be rewritten 
in the form 


n 


aj = 1). (zinc + Bindi) 


— 1 for k =i 
διῃῃς = 
1 B 0 fork +i 
bi Ξε 5 i. ( Ziklk — Siklic) 
k=1 


We observe that the nett effect of the Kronecker symbol is to change the sub- 
script of the second current term in brackets, and to bring it effectively under 
the summation symbol. Taking the current I, outside the brackets we write 


hi 
ἐν 
aj = a). (2x + Six )Ik 
Καὶ. 


4 | 
ty | (6. 30) 
bi =5 δ, (zix— Bik Mi 
k=l 
The wave amplitudes a; and b;, considered as elements of column vectors A 
and B, are shown by Equations 6.30 to be the result of matrix products. In 


each case a square matrix of order n x ἢ is postmultiplied by the column vec- 
tor of currents J, In matrix symbols Equations 6. 30 assume the form 


1 
B= = — U)I (6.31) 


where the unit matrix U replaces the Kronecker symbols. 
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Only one more step is required before the reflected or scattered waves b; 
are expressed linearly in terms of the incident waves a;. Solving the first 
of Equations 6.31 for the column vector of currents / we find 


T= 2(2Z+ U)1A 


Substitution of this expression into the second of Equations 6.31 yields the 
desired result 


B= (Z-—U)\(Z+ V)-1A (6,32) 
where 


(Z—vU\(Z+ U)-1=8 (6. 33) 


is the scattering matrix of the n-port junction. Using this symbol Equation 
6.32 is abbreviated to 


B=SA (6. 34) 


Equation 6,34 applies to a general n-port junction, including the case n = 2, 
treated in Section 6.2, whence it follows that Equation 6. 33 should have the same 
form as Equation 6.22, which defined the scattering matrix for a two-port 
network, A comparison of these definitions of S shows, however, that they 
differ. The apparent difference is due to the slightly different method of 
derivation used in the two cases, and will be explained in terms oi the sym- 
metry of the scattering matrix. 


To show that the matrix S is symmetric, we observe at first that the mat- 
rices (Ζ — U’) and (Z + U) are both symmetric. This follows from the fact 
that the impedance matrix Z of the n-port junction is assumed symmetric 
by Rule 3 of the preceding section, and from the fact that the addition of the 
diagonal matrix U does not affect symmetry. Moreover, by the theorem 
proved in Section 2.18 the reciprocal matrix (Z + U)™ is also symmetric. 
Bearing in mind these remarks we now take the transpose of S, 


8" = { (Z — U)(Z + U)"3 \t 
= (z+ 11 ὦ .- uy 
st= (Z+0)-1(z—0v) (6. 35) 
Next we postmultiply both sides of Equation 6.35 by the unit matrix, applying 
it to the right hand side in the form 
U=(Z+ τὴ(Ζ - vy} 


Hence 


st=(Z + 1ἡΓ1(2 -- υὺ.2 + UM Z+ υ)-1 
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By direct expansion it is easily verified that the two factors in the middle of 
the above expression commute. Therefore we can write 


st = (Ζ + UZ + UNZ— UZ + UY? 
οἱ = (Z—uU\Z+ uU)"1=S (6. 36) 


which establishes the svmmelry of the scattering malrix of a passive, reci- 
pbrocal junction. 


The foregoing argument clarifies the difference between the form of the mat- 
rix S, obtained in this section and in Section 6.2. The slight variation in the 
method of derivation has led us to the transposed form of the scattering matrix. 


The symmetry of the scattering matrix is a property of all linear and reci- 
procal junctions, including those that dissipate energy. In many applications 
it is useful to introduce a simplification by assuming that a junction is loss 
free. It is then found that the scattering matrix is unitary. 


To prove this useful property of the § matrix we consider the power flow in 
and out of a junction, Writing the power entering the junction in terms of in- 
cident wave amplitudes we find 


2) ai 
P: _== 4:2; 
ὍΣ ΝΣ (6.37) 
i 
while the power leaving the junction is 
1 Ps 
Pout = 3) bibi (6.38) 


i 


The energy dissipated inside the junction is given by the difference of Equa- 
tions 6.37 and 6.38. 


Pin — Pout = ΝΣ (aj; — bjbj) (6.39) 
4 


In tetms of matrix notation Equation 6.39 appears in the form 


Ἷ , τ 
P;,— P+ =— (ta — ΕἰΒῚ 
in out 9 (6. 40) 


where the power flow is expressed by scalar products (see p. 152) of the 


vectors of wave amplitudes. Substituting for the reflected wave amplitudes 
from Equation 6.34 we find 


1 
Pin — Pout => (Ata — Atétss) 


=~ at (yu — Sts) A (6.41) 
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The power leaving must equal the power entering a lossless junction, and the 
above difference must therefore vanish. Hence we obtain the condition 


St. 9. (6, 42) 


which proves the unilary property of the scattering matrix of a dissipalion- 
less junction. 


The scattering coefficients derived above are directly related to the impe- 
dance parameters of a n-port junction.: Like the latter they represent elec- 
trical properties of the junction and are, therefore, independent of such tem- 
porary conditions as the loads connected to any of the ports,or the method of 
feeding power into them. In general however, the scattering coefficients will 
be functions of frequency just as are the impedances. 


Although the first and simplest scattering coefficient, introduced by Equation 
6.10, happened to be identical with the complex reflection coefficient at a 


point of a transmission line, it must not be assumed that this is so in general. 


Only in special cases do some of the scattering coefficients happen to be re- 
flection coefficients. Physically,the reason for this state of affairs is not 
difficult to see. The reflection coefficient at a port of a junction, will depend 
on the terminations or sources of energy connected to the remaining ports. 
As pointed out in the preceding paragraph the scattering coefficients cannot 
be so influenced, since they characterise the junction alone. To illustrate 
these observations further, we will discuss some examples. 


Given an n-port junction as shown in Fig.6.7, let us assume that energy 18 
being fed into one port only, say the i-th port. The remaining ports are ter- 
minated in matched loads, so that only the reflected waves b, are present 
there. In the i-th port,there is both an incident wave aj and a reflected wave 
b;. The scattering relation for the junction of Fig.6.7 has the form 


(6,43) 


On multiplication this reduces to the following set of simple linear relations: 


Ὁ) = 511 aj: |= 1,2, eses ἢ (6. 44) 
For 1 =i we find 


bj = 511 aj (6, 45) 
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= = 


h=-port 
junction 


i ome a = 


Fig.6.7 


In this case the diagonal element s;; is identical with the reflection coefficient 
at the corresponding port. 


aj (6. 46) 


On the other hand let us assume that the termination at the output of one of 
the ports is not matched, so that both a reflected and a forward wave is pre- 
sent there. Giving this particular port the label,i + 1,we can write the scat- 
tering relation in the form 


0 
aj 
ai+1 
0 
. (6. 47) 
Multiplication yields the equations 


In this case it is not possible to form a simple relation of the form of Equa- 
tion 6.45, connecting the incident and reflected wave amplitudes in the i-th 
or (i + 1)-st ports. Hence none of the scattering coefficients ΒΟΥ Sj 414,44 
can be identified with the reflection coefficient in the corresponding port. We 
conclude, therefore, that a diagonal element of S becomes the reflection coef- 
ficient at the corresponding port only when all the remaining ports are 
matched. 


An observation of practical importance regarding the diagonal elements of 
the scattering matrix can now be made, Referring to Fig.6.7,we would not 
expect to find a reflected wave at the i-th port unless there are internal re- 
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flections in the junction. Conversely if we know that a given junction has no 
internal reflections,we can immediately conclude that the diagonal elements 
of its S matrix must vanish. This fact will be utilised below, when the 
scattering matrices of some specific junctions will be worked out, 


To give a concrete example of the foregoing observations let us analyse a 
specific two-port junction. This may take the form of a waveguide to coaxial 
transition, an impedance transformer,or simply a waveguide bend which is 
not very well matched. Fig.6.8 shows a waveguide bend. We assume that 
the output of port 2 is terminated in such a way that a wave of amplitude a, is 
reflected back towards the bend. 


Fig.6.8 


The reflection coefficient at the output port, looking towards it,is 


ao (6.49) 
It should be carefully noted that this quantity is the reciprocal of the reflec- 
tion coefficient of the termination. 


The scattering equations for the bend of Fig.6.8 are 
by = 8118, + 81a 
Dg = S914, + Sopa (6.50) 


We use the first of Equations 6.50 to form the reflection coefficient at the in- 
put of the two-port. 
b, as 


1 
= 8,, + Si2— 


ρι - -Ξ 
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With the help of the second of Equations 6.50 and Equation 6.49 we eliminate 
the wave amplitudes a, and ay appearing on the right side of Equation 6,51. 
In the process the wave amplitude Ὁ... cancels out, and we arrive at the 
expression 

812” 


Py = 8y, Ὁ 
P5— 855 (6, 52) 


where use has been made of the symmetry of S when putting sy, = Sj. 


Equation 6.52 shows that the reflection coefficient at the input of the bend is 
not identical with the diagonal element s,, of the scattering matrix whenever 
the reflection coefficient py at the output has a finite value. In the special 
case when the output termination is matched, the wave amplitude a, vanishes, 
Py, becomes infinite, and Equation 6,52 reduces to 


Py = 541 


The reflection coefficient looking towards the matched termination then 
equals zero. 


As a final example we consider the scattering matrix of a four-port lossless 
junction. Before discussing a specific case a few general observations can be 
made. As the matrix is of order 4 x 4 it has 16 elements, but not all of them 
are independent, By symmetry the 6 elements on one side of the principal 
diagonal are equal to those on the other side. Hence only 10 independent ele- 
ments remain. Furthermore the junction is assumed to be lossfree, therefore 


its matrix is unitary. This fact imposes further restrictions on its elements, 


which can be expressed by an application of Equation 4.108. 


4 -- 


Sim Sin = mn 


(6.53) 
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As the above conditions are best used in a specific case we go on to formu- 
late the scattering matrix of a 3db or half power directional coupler, some- 
times called a hybrid junction. Here we consider perhaps the simplest form 
of such a junction, made up of sections of transmission line,as shown in Fig. 
6.9. We assume that there are no internal reflections in the coupler, so that 
all the energy entering,say, port 1,appears at ports 2 and 3,and is equally 
split between them. From this assumption we can immediately deduce that 
each diagonal element of the S matrix must vanish, since it represents the 
reflection coefficient at the corresponding port, with the remaining ports 
matched (see p. 197). 


This fact,together with symmetry, reduces the number of independent ma- 
trix elements to 6. 


The electrical structure of the junction provides further information, if it is 
assumed that the electrical distances between ports and the nearest branch- 
ing points are the same. Such electrical symmetry entails the equality 


S21 = 834 (6.55) 
Moreover, it is clear that under these conditions the waves appearing at 
ports 2 and 3,in response to a wave incident on ports 1 or 4,are in quadra- 


ture, although they are of the same magnitude, Hence we obtain the following 
relations between the relevant scattering coefficients: 


S341 — ο΄ ἶπ|4 5321 
524 = e~jm/4 S34 = e~jt/4 591 (6. 56) 


The scattering matrix of the coupler οὗ Fig.6.9 can now be written in the 
form: 


0 S21 e~in/4g,, 0 

So) 0 0 e~Iin/4g,, 
e-it/45., 0 0 S91 

0 e-in/4g., Soi 0 


(6.57) 
The only remaining independent scattering coefficient 8.1 can be determined 
with the help of the unitary condition Equation 6.53,applied to any one of the 
columns of the matrix (6.57). 


2| 8212 =1 (6. 58) 
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Equation 6.58 still leaves the phase factor included in 521 undetermined. 
Provided the reference planes of the junction are suitably chosen this can be 
assumed to be unity. Hence the final form of the scattering matrix is 


ΓΕ ΟΣ 0 1 e-in/4 θ΄ 
v2 1 0 0 e-in/4 
e-jn/4 0 0 1 
0 e-in/4 1 0 


(6.59) 
6.5 SCATTERING MATRICES OF NONRECIPROCAL LINEAR JUNCTIONS 


In the preceding section the scattering matrix of a reciprocal linear junc- 
tion was derived, starting from the impedance matrix. As a result of the 
symmetry of the impedance matrix it was shown that the scattering matrix of 
such a junction is also symmetric. 


In the discussion of two-port networks in Chapter 3,it was found that impe- 
dance matrices of non-reciprocal networks are no longer symmetric. The 
same observation can be made about the impedance parameters of multiport 
networks, as discussed in Section 6.1. As soon as active,or otherwise non- 
reciprocal elements are included in the circuit, the symmetry of the impe- 
dance matrix disappears. In view of this fact, Rule 3,Section 6.3,no longer 
applies, In consequence, the scattering matrices of non-reciprocal junctions 
are not symmetric. This is the main property of the wave matrices of such 
microwave devices as ferrite isolators or circulators. 


Even in the absence of reciprocity the scattering coefficients of a junction 
remain functions of frequency only, just like the corresponding impedance 
parameters,as long as the junction is operated under linear conditions. The 
present discussion is restricted to such cases. 


To sum up we can write for a linear, non-reciprocal junction 
st#s (6.60) 


In the preceding section it was also established that the scattering matrices 
of lossless junctions are unitary. Since the proof of this property in no way 
depends on the symmetry of the matrix, it must apply to non-reciprocal junc- 
tions as well as reciprocal ones, 


To exemplify the foregoing statements let us obtain the scattering matrices 
of an idealised ferrite isolator and a three-port circulator. 


Fig.6.10 shows schematically an idealised isolator,or one way transmission 
line. All energy entering the input port is assumed to pass through the device 
without reflection or attenuation. On the other hand the isolator prevents any 
power to pass to the left, but it does this without reflection. The assumption 
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S=[0 0| 
Ee} 


Fig. 6.10 


of no reflections inside the two-port allows us to deduce that the diagonal 
elements of its scattering matrix vanish. (see p. 197). 


S11 = 822 = 0 (6.61) 


Furthermore, since a wave of amplitude a, applied to the input, appears un- 
changed at the output and is then denoted by by we find 


providea -_he reference planes of the ports are so chosen that the phase factor 
included in Sy, becomes unity. Finally,as nothing appears at the input in 
response to a wave of amplitude a, applied to the output, we obtain 


912 Ξεῦ (6. 63) 


The results are summarised in Fig.6.10. As was to be expected the scat- 
tering matrix of the isolator is not symmetric. 


Fig.6.11 shows schematically an idealised three-port circulator. The ports 
are indicated diagrammatically by single lines, and the direction of propaga- 
tion within the device is marked by an arrow. The scattering matrix of this 
device is of order 3 x 3,and is easily found by inspection, under similar 
assumptions as were made regarding the isolator, In the first place all dia- 
gonal elements are zero. Then we find 


521 = 332 = 833 = 1 (6.64) 


All the remaining scattering coefficients are zero, and the complete matrix is 
presented in Fig.6.11. 


lt is interesting to note that the 2 Χ 2 matrix of the isolator is not unitary, 
indicating that a perfect one way transmission line cannot be made lossfree, 


Se ae ee ee es 
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On the other hand it is easy to check that the scattering matrix of the ideal 
circulator is unitary,although naturally it is not symmetric. 


Fig.6,11 
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EXAMPLES ON CHAPTER 2 


1. Given the point transformation in two dimensions 
x =2x+y 
y Ἐπὶ 3y 
plot the following points and their transforms: 
(0,0), (1,0), (0,1), (1,1), (0,00), 


2. Carry out the following matrix multiplications: 


w/e ae hk “ἃ ὦ ae [0 1 2 11, 
1 8} 0 om. x SiS 8) 2 
4 0 


3. Two point transformations in the plane are defined by the matrices 


bal Lad 


Apply these transformations to the point (1,1) in turn, and then in reverse 
order. Plot the results. Satisfy yourself that they agree with the two product 
transformations obtained on multiplying the matrices together in the two pos- 
sible sequences, 


4. Given the matrices 


ἀπ ἢ ὁ opelo ~~) “c=F1 ὁ 
La ἢ i 0] i + | 


apply the rules for the multiplication of matrices, addition of matrices and 
multiplication by a scalar factor to establish the following relations; 
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ΑΞ -- B2=C2=-] 
ΑΒ + BA=BC+CB=CA+AC=0 
ΑΒ -- BA = 2jC, BC — CB = 2jA, CA —AC = 2jB | 


9. Check the following product of diagonal matrices 


Δ 0 0|Ξ|ὶ 
0 b O 0 WwW O 
00 cj{_ 90 O 1, 


6, Given a symmetric matrix of order 2 x 2 and a vector of coordinates in 
the plane, form the following product: 


5 


Note that the result is a scalar expression which, when equated to unity,is the 
equation of a quadratic curve. Satisfy yourself that the matrix form of the 
equation of a quadric surface in 3 dimensions is 


|x y z|[a h g =] 
h b ἢ 
g fe | 
7. Form the adjoint matrix and the reciprocal matrix of the following ma- 
trices: 
1 ὁ 2aek p 0 0]; a b 
3.0 0 0q0 c ἃ | 
1. 3 8 ῦ ἢ τ 


8. Solve the following sets of linear equations by evaluating the reciprocal 
matrix of each system 


xt+y=1; Ox+y=Ht; Y4x—y =0; 
2x+ Yoy=2 3x+ 2y =0 x—y=3 
2x—z=0 


—x+3y+z-—1 
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9. Given the point transformation 

x =x+ y 

y = 2x + Moy 
find the points in the OXY— plane which transform into the following points in 
the OX Y — plane 

(0,1), (4,0), (1,1), (1,2), (1, YQ). 

10. Expand (4A + B + C)* into a sum of squares and compare with the cor- 
responding scalar expression, 
11. Given the matrix 


“he 


check that it satisfies the relation 
Α32.--Α - θ[}{Ξ 


12. The transformation of a locus of points in the plane can be accomplished 
as follows. Given the equation of the locus in explicit form y = f(x), substitute 
for y on the right side of the equations of transformation. 


x |= 411 412 x =] 811 8.12 a 
Ra 421 8221. 221 age || L(x) | 


The equation of the transformed locus in the OX’ Y’— plane is now given in 
parametric form, with x as the parameter. On elimination of x the equation. 
assumes the usual form γ᾽ = F(x’) 
(a2) Apply this procedure to the parabola y = x? under the transformation of 
Example 9. 
Repeat for the transformation 


Ἢ = YF; y ΞΞ -Ο-;-αἰ, 
(0) Given the straight line x’ + 2y’ + 1 =0 inthe OX'y’—plane find the 


locus corresponding to it in the OXY—plane under the transformation of 
Example 9, Do the same for the transformation 


' V3 - ἃ 
=—-— K+ — 
2 2° 
; 1 N3 
== = αὶ ---΄--.ς.. 
y 5 , y 


(c) Repeat (6) for the unit circle x'2 + y? =], 


EXAMPLES ON CHAPTER 3 


1. Write down in matrix form the mesh equations of the circuit shown. 
Treating the circuit as a four-terminal network with ports at V, and Vo, 


A 3.1 


solve for the currents in the ports and hence find the y-parameters. Also 


obtain the z-parameters of the two-port and compare results with Section 26, 


2. Two four-terminal networks are connected in cascade as shown in the 
diagram. In addition to the information marked in the figure the following is 


ot tit $y 


A 3.2 


known about the network on right hand side. With port 2 open circuited 
V Vo’ I, 

ἘΣ δι EE 2; with port 2 short circuited — = 2, 

γω ἢ, 2 


(a) What are the general circuit constants of the ‘black box'? 

(b) Evaluate the general circuit constants of the cascade connection. 
(c) Find the equivalent T—circuit of the 'black box'. 

(4) Obtain the equivalent T— and s— circuits of the combination. 


3. The network shown in the diagram is used to feed the anode voltage back 
to the grid of a vacuum valve phase shift oscillator. Since oscillations are 
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A 3.3 


excited only when the terminal voltages are in antiphase, find values for the 
circuit components to secure this condition. 

4. Given the current entering the two-port network shown, find the voltage 
across its output terminals. 


A 3.4 


5. The constant voltage source equivalent circuit of a vacuum valve at low 
frequencies is shown in the accompanying diagram. Write down its matrices 
of z—parameters and general circuit constants. Connect the load to the out- 


put terminals and find the general circuit constants of the combination. 
What is the gain of the circuit? 


6. The constant current source equivalent circuit of a vacuum valve at low 
frequencies is given. Write down its y—parameters. Connect the double 
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tuned circuit of Example 4.to the output terminals of the valve and find the 
gain at resonance, 


A 3.6 


7. The figure gives an example of a feedback circuit — the cathode fol- 
lower, Find the z—parameters of the combined two-port network consisting 


A3.7 


of the valve and feedback resistor Πὰς. With the generator and load connected 
to the circuit, evaluate its gain, and its input and output impedances. 


EXAMPLES ON CHAPTER 4 


1. Given the matrices 


2 31 L ££. & SS 1Ὲ 001 
3 5 | el? ej” 145 10 0 
46 5 ἐδ: Ἐ 8. 


reduce them to diagonal form by a succession of elementary operations; (a) 
on rows only; () on columns only; (c) on both rows and columns. Satisfy 
yourself that the number of nonvanishing diagonal elements is the same re- 
gardless of the method of reduction. 


2. Ascertain the rank of the matrices of Example 1 by direct evaluation of 
their determinants and minors. Check in each case that this equals the num- 
ber of nonvanishing diagonal elements in the reduced forms found above. 
3. Given the system of homogeneous linear equations 

(1 -- r) Se Sy =0 

ax — Ay = 0 

find values of the parameter ἃ, for which the equations have non-trivial solu- 
tions. Find these solutions. 
4. Check the rows and columns of the matrices of Example 1.for linear 
dependence. Find constants of linear dependence where applicable. 
5. Verify that the solutions of the system of Example 3., belonging to dif- 
ferent values of A,are linearly independent. 
6. Apply the decomposition theorem for functions of matrices to prove the 
Cayley-Hamilton theorem. This states that a square matrix satisfies its own 
characteristic (or eigenvalue) equation. In symbols show that 

p(A)=0 
where @ denotes a polynomial having the coefficients of the eigenvalue equa- 
tion of A. 
7. The matrix expression 


E 7] : ἡ ἢ = {(x, y) 


is a quadratic function of the variables x and y called a quadratic form. When 
the matrix of a quadratic form is diagonal the form becomes a sum of 
squares. Apply the methods of.Section 4.8 to reduce the above form to a sum 
of squares. 


When equated to unity the above quadratic form becomes the equation of a 
quadratic curve. Assuming the form is an ellipse find the relation between 
its semi-axes and the eigenvalues of the matrix of the form. 
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Impedance parameters 73-77 
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Integration 
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Linear dependence 138—42 
condition of 141 
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Linear dependence relation 141 
Linear equations 56 
system of 56, 174 
Linear independence 139 
Linear network 164 
Linear operators 165 
Linear superposition 166, 186 
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142, 164, 165 
coefficients 15 
composite 23 
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labelling the coefficients 18 
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of vectors 143 
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Linearly dependent equations 142 
Linearly independent eigenvectors 
146 
Linearly independent vectors 140-41 
Loop currents 62-64, 162, 163, 166, 177 
as function of time 158 
vector of 167 
Loss free junction 194, 200 
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equality of 21-22, 57 
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notation of 20 
of transformation. See Transfor- 
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Matrix—(continued) 
rank of. See Rank 
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Matrix algebra 
basic rules 15-61 
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history of 15 
introduction to 1-14 
Matrix elements 19-20 
zero 21 
Matrix product 24-25, 29, 30, 33 
Mesh equations 62-66 
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examples and applications of 
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_ rules of 29-33 
Multiport networks 179-81 
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n-port networks 181 
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Node method 64 
Non-commutative law 30-31, 36 
exception to 39 
of matrix multiplication 92 
Non-homogeneous equations 136-39 
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scare al matrix 55, 58, 123, 146, 
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Non-trivial solution 136, 142 
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Normal mode 167, 168 
Normalised current 184 
Normalised voltage 184 


Normalised wave amplitudes 182 
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Off diagonal elements 64 
reduction to zero 125 
One-generator equivalent circuit 111, 
113, 114 
One-loop circuit 158 
Open circuit input impedance 74 
Open circuit output impedance 74 
Open circuit transfer impedance 74 
Open circuiting 7, 8 
Orthogonal matrix 149 
Orthogonal vectors 150 
Orthogonality 149-52 
Output current 1, 4, 5, 83 
Output impedance of terminated net- 
work 95 
Output voltage 1, 4,5 


p-domain 169, 174 
p-world 169 
Parallel connection 10, 11, 13, 14, 
98-100 
Parallel-series connection 103 
Partial differentiation 44-46 
Partitioned form 177 
Partitioned matrix 116, 123, 128, 131, 
163 
Partitioned premultiplication 124 
Partitioning of matrices 116-19 
Passive bilateral impedance ele- 
ments 87 
Passive linear circuits, differential 
equations of. See Differential 
equations 
Passive networks 109 
Passive T-network 110 
Phase constant 182 
m-network 69-73, 93, 104, 107, 114 
impedance matrix of 100 
symmetric 77 
4-matrix of 101 


Point transformation 16, 18, 21, 22, 
38, 58 

Polynomial 154 

Postdivision 55 

Postfactor 30 

Postmultiplication 30, 38, 127, 128, 
132 

Power of a matrix 33 

Power series 154 

Predivision 55 

Prefactor 30 

Premultiplication 30, 38, 56, 60, 63, 
127, 128, 132 

partitioned 124 

Principal diagonal 37 

Propagation mode 190 

Properties independent of time 164 


Rank of matrix 129-33, 142 
definition 129 
diagonal 130 
equivalent 130, 133 
rectangular 130 
Reciprocal of matrix 41 
of diagonal matrix 171 
of product matrix 59 
of square matrix 52 
Reciprocal matrix 28, 52-56, 58, 59, 63, 
83 
effect on reverse Operation 123 
symmetry of 60 
Reciprocal transformation 98 
Reciprocity 66 
Reciprocity theorem 64, 65 
Rectangular diagonal matrix 40 
Reduction to diagonal form. See 
Diagonal form 
Reflected wave 182, 184 
Reflection coefficient 196, 197, 198 
Residues 176 
Resistance 
series 7, 9-10 
shunt 8, 9-10 
Reversal rule 46-47, 59-60 


INDEX 215 


Row vector 27 
Scalar factor 154 
Scalar matrix 40-41 
Scalar product 150, 152 
Scattering coefficient 183, 195, 196, 
199 
of two-port junction 187 
Scattering matrix 181, 186-87, 188 
diagonal elements of 196-197, 201 
of four-port junction 198 
of ideal circulator 201-02 
of linear and reciprocal micro- 
wave junction 191-200 
of n-port junction 193 
of nonreciprocal linear junctions 
200-02 
of 3db directional coupler 199 
symmetry of 193-94 
unitary 194-95 
Self impedance 64, 65 
Series connection 100-01 
Series impedance 79 
Series-parallel connection 102 
series resistance 7, 9-10 
Short circuit input admittance of 
three-port network 180 
Short circuit input admittance 68 
Short circuit output admittance 69 
Short circuit transfer admittance 
68-69 
Short circuiting 7, 8 
Shunt element 80 
Shunt resistance 8, 9-10 
Sign conventions 88-89 
Similarity transformation 146 
Simultaneous equation 57 
Simultaneous linear equations 2, 27, 
62 
Single impedance network 76 
Singular matrix 95, 58 
Singularity 171, 176 
Skew Hermitian matrix 44 
Skew symmetric matrix 43 
State vector 165 
Steady state solution 175-77 
Submatrix 116-19, 162 
Subscripts 6, 8, 11, 18, 20, 25, 32, 51,163 
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Superscripts 12 
Symbols 6 
Symmetric admittance matrix 1, 10 
Symmetric matrix 41-42, 64, 65, 150, 
186 
and reciprocal of 60-61 
Symmetric 7-network 77, 103 
Symmetric T-network 77, 103 
Symmetric two-port networks 87 
Symmetry 
of adjoint matrix 60 
of reciprocal matrix 60 
properties 87 


T-network 74, 93, 99, 104, 107, 109, 
111 
H-matrix of 108 
Symmetric 77 
Taylor series 157, 164 
Terminated network 95 
Terminology and basic notation 2 
Theorem of reciprocity 64, 65 
Three-port circulator 201 
Three-port network 179 
admittance parameters 180 
impedance parameters 181 
short circuit input 180 
transfer admittance of 180 
Time-dependent operator 165 
Time domain 170, 174 
Time function 169, 174 
Transfer admittance of three-port 
network 180 
Transfer matrix 188, 189 
Transformation of vectors 147 
Transformation matrix 19 
Transformer, ideal 80-81, 96 
equivalent circuit of 105 
Transient 177 
Transistors 64, 65, 66, 110 
Transmission line 81 
theory 181-82 
Transpose 41-42 
Trivial form 138 
Trivial solution 135 
Two-generator equivalent circuit 111, 
113 


Two-port network 1, 2, 7, 11, 17, 20, 66 
equations of linear 62-115 
in parallel 14 
summary of relations 85-89 


Unconformable partitioning 118 
Unit matrix 37-38 

Unitary condition 199 

Unitary matrix 151-52, 198, 202 


Valves 64, 65, 66, 110 

Vanishing of determinant 141, 142, 
144, 145 

Vector of loop currents 167 


Wave amplitude 181 
as electrical quantity 183 
Wave matrices 179-202 
definition of 181, 188 
of n-port microwave junction 189 
of two-port junction 181-89 
Waveguide modes 189-90 
orthogonality of 191 


Y-matrix 101 
determination of 77 
of combined network 98 
of two-port network 86 
representation by n-network 107 
y-parameters 11, 13, 67—'72, 82,98 
general circuit constants in terms 
of 79 
see also Admittance parameters 


£-matrix 
impedance 100 
of one-generator equivalent circuit 
111 
of 7-network 101 
of transformer 106 
of two-port network ΤΊ, 86 
reciprocal of 99 
Statement of characteristics of 
black box 107 
Z-parameters 73-77, 105, 111 
see also Impedance parameters 
Zero matrix elements 21 
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You should also read 


TOPOLOGICAL AND MATRIX 
METHODS 


Theory and Application 
By Keats A. Pullen, Jr., ENG.D. 


Matrix algebra was invented about a 
hundred years ago, but it was not until 
comparatively recently that it was 
discovered to be one of the most effec- 
tive ways of dealing with many prob- 
lems in electronic engineering, such as 
four-terminal “‘black boxes” containing 
transistors, and waveguide calculations. 
Topology is a later arrival on the scene, 
and the reason that topology lagged 
behind matrix algebra in this respect 
is because of certain difficulties of 
manipulation. Combined, topology 
and matrix algebra make a most 
powerful tool for solving network 
problems—and a knowledge of these 
methods is an essential part of network 
synthesis. The importance of topology 
to the electrical and electronics engineer 
lies in the fact that for networks the 
line graphs represent their flow 
patterns. It is well known that 
classical methods of solving network 
problems using Kirchhoff’s equations 
involve lengthy calculations and intro- 
duce a great number of terms which 
eventually disappear in the final 
solution. With the methods des- 
cribed in this book effort is greatly 
reduced and tests can be applied to 
check the correctness of the individual 
terms and their polarity. The author, 
who is a consultant in circuit and 
systems design and evaluation, has 
found the techniques which he des- 
cribes in his book of the utmost 
possible value in his everyday work. 
Students and circuit design engineers, 
particularly those interested in net- 
work synthesis, will benefit equally 
from this introduction to a subject 
which hitherto has been considered 
extremely complex. 

15s net (15s 10d by post) 96 pp. 40 
diagrams. 


From leading booksellers 


Published by ILIFFE BOOKS LTD. 


TOPOLOGY AND MATRICES 
IN THE SOLUTION 

OF NETWORKS 

F. E. Rogers 


Explains, with liberal numerical illus- 
trations, the principles of systematic 
methods for solving linear networks: 
these are based on the fact that the 
pattern of the Kirchhoff-law equations 
for a linear network is governed 
solely by its geometrical pattern, 
in the sense conveyed by a topological 
graph. The book is not to be regarded 
as a text particularly on the mathe- 
matics of topology and matrices, but 
rather as one that seeks to show simply 
and clearly how these have a natural 
place in orderly, economical approaches 
to the solution of networks, and how 
to apply such approaches in practice. 
While further mathematical study is 
recommended, the essential principles 
are nevertheless contained in the text, 
where they are evolved smoothly in a 
practical perspective, in order to 
crystallise their significance. Of par- 
ticular importance is the section of 
Illustrative Examples at the end of each 
chapter. These examples, fully worked- 
out and annotated, are chosen speci- 
fically to clarify practical interpretation 
and procedures, and are generally 
based on realistic circuits. The tran- 
sistor is prominent, and rigorous 
solutions for relatively complex prob- 
lems, such as series-parallel feedback, 
are demonstrated in various contexts, 
Sometimes, in fact, alternative ap- 
proaches to the same problem are 
shown in different chapters in order to 
enhance the reader’s insight. ToPo- 
LOGY AND MATRICES IN THE SOLUTION 
OF NETWORKS will be invaluable to 
students following University or com- 
parable Diploma and Professional 
courses in Electrical and Electronic 
Engineering, and also to post-graduate 
or otherwise professionally trained 
engineers working in these fields. 

45s net (46s Id by post) 224 pp. 99 
diagrams. 
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